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Abstract
A Courant algebroid E with a Dirac structure L ⊂ E is said to be a Manin
pair. We first discuss E-Dorfman connections on predual vector bundles B and
develop the corresponding Cartan calculus. This is then used in relation to Courant-
Dorfman cohomology to compute a cohomology class that measures the obstruction
to the existence of a compatible E-Dorfman connection on predual vector bundles
B extending a given L-Dorfman action on B.
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1 Introduction
Since their introduction by Liu, Weinstein and Xu [28], Courant algebroids have enjoyed
much attention due to their strong relation to higher structures [46, 1] and Generalized
Geometry [3, 24], along to their applications in String Theory [11, 15, 15] and T-duality
[43, 44], among others. Roughly speaking, a Courant algebroid is a vector bundleE →M
endowed with a non skew-symmetric bracket on Γ(E), a bundle map ρ : E → TM and a
fibrewise nondegenerate symmetric bilinear form on E, satisfying certain axioms similar
to those of a Lie algebroid. Another important reason for receiving wide attention is
their close relationship to Dirac structures. The latter were introduced in [9] to establish
a unified framework for the study of presymplectic structures, Poisson strucures and
foliations, and provide a geometric approach to the study of constrained mechanical
systems. A Dirac structure is a Lagrangian subbundle L of a Courant algebroid E that
is closed under the non skew-symmetric bracket of Γ(E). A pair (E,L) is called Manin
pair.
On the other hand, the Atiyah class is a cohomology class that has been proved to
contain information about the existence of many geometric structures depending on the
context. For example, let (L,A) be a Lie (algebroid) pair, i.e. A ⊂ L is a subalgebroid
of L and suppose A acts via a flat connection on a vector bundle B → M . The Atiyah
class in this case is interpreted as the obstruction to the existence of an A- compatible
L-connection on B [7]. It can be shown that in some particular cases it recovers other
known classes: For a given regular foliation F on a smooth manifold M , the Atiyah
1
class of the Lie pair (L,A) = (TM,TF) with B being a foliated vector bundle, coincides
with the Molino class of the foliation, measuring the obstruction to the existence of
”projectable transverse” connections on B. As another example, let X be complex
manifold and recall the decomposition TX ⊗ C = T 1,0X ⊕ T 0,1X of its complexified
tangent bundle in a direct sum of two complex mutually-conjugate subbundles T 1,0X
and T 0,1X consisting of eigenvector fields of J with eigenvalues i and −i respectively.
The Atiyah class of the Lie pair (L,A) = (TX ⊗ C, T 0,1X) with B some holomorphic
vector bundle, is then a Dolbeault cohomology class that measures the obstruction to
the existence of holomorphic connections on B.
The notion of Dorfman connection was recently introduced in [17] by Jotz Lean
in order to define, in the context of Courant algebroids, a structure that has similar
properties to linear connections of Lie algebroids on vector bundles. This is used to
study linear splittings of the standard Courant algebroid TE⊕T ∗E over a vector bundle
E →M and to establish the existence of a one to one correspondence of linear splittings
of TE ⊕ T ∗E with a special kind of Dorfman connection on E ⊕ T ∗M . This result
generalizes the well known result of Dieudonne´ [12] that a linear TM -connection on a
vector bundle E defines a splitting of TE in horizontal and vertical subbundles. For this
purpose, Jotz Lean considers dull algebroids acting on predual bundles. The fact that
the standard Courant algebroid over a vector bundle is a double vector bundle, places
the new notion in a very interesting and rich geometric environment.
Here, we modify the initial definition of Dorfman connection given in [17], replacing
the dull algebroid by a Courant algebroid E → M . This is a connection on a predual
bundle B → M and we show that such a connection always exists (Proposition 3.7).
We then construct an Atiyah class for a Manin pair (E,L) which is perceived as the
obstruction to the existence of an L-compatible E-Dorfman connection on B. To do this,
we consider Roytenberg’s differential operator d defined on the Courant-Dorfman algebra
C(E ,R) = (Cp(E ,R))p≥0 of a Courant algebroid E [41]. The E-Dorfman connection
∇ on B is then used to define a covariant derivation d∇ on the space C•(E ;T (B)) of
T (B)-valued cochains, where T (B) denotes the space of smooth sections of some tensor
bundle constructed from B. This approach, allows us to develop a theory of E-Dorfman
connections analogous to the classical theory of linear connections of Lie algebroids. We
also explain how any E-Dorfman connection on B includes a B-linear connection on E
(Proposition 3.9). The main result of the paper is Theorem 4.4 where we establish the
existence and properties of the Atiyah class of an L-module B.
To the best of our knowledge, this is the first attempt to define an Atiyah class for
a pair of non-similar objects. We already mentioned Atiyah classes for Lie pairs, while,
for pairs of L∞-algebras, the Atiyah class was studied in [25]. For the graded viewpoint
one can check [34, 27] and the references therein.
Very recently, Cueca and Mehta used the standard cochain complex of the Courant-
Dorfman algebra of a Courant algebroid to develop a theory of linear Courant algebroid
connections in a way that mirrors the classical theory of connections [10]. Their formu-
lation is different from ours in certain aspects.
The outline of the paper is the following. Section 2 introduces the basic setup for
Courant algebroids, cohomology of Courant algebroids, Dirac structures and Manin
pairs. Section 3 is dedicated to Dorfman connections and the related notions: dual
Dorfman connection, curvature of a Dorfman connection, and ect. Finally, in Section 4
we construct and we study the Atiyah class of a Manin pair. Throughout the paper we
provide concrete examples of the constructions.
Notation: Let M be a smooth n-dimensional manifold, TM and T ∗M its tangent
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and cotangent bundle, respectively, and C∞(M) the space of smooth functions on M .
For each p ∈ N, we denote by Xp and Ωp the spaces of smooth sections of
∧p TM
and
∧p T ∗M , respectively. By convention, for p < 0 we set Xp = Ωp = {0}, and
X0 = Ω0 = C∞(M). Taking into account the skew-symmetry, we have Xp = Ωp = {0},
for p > n. Also, set X = ⊕p∈ZX
p and Ω = ⊕p∈ZΩ
p. Finally, for an arbitrary vector
bundle E →M , the space of smooth sections of E is written as Γ(E).
2 Courant algebroids, Dirac structures and Manin pairs
2.1 Courant algebroids
The notion of Dirac structure presented in subsection 2.3 was introduced in [9] by T.
Courant in order to develop a unified framework for the study of (pre)-symplectic struc-
tures, Poisson structures and foliations. The basic ingredient is a skewsymmetric bracket
[·, ·], now called Courant bracket, on the space of smooth sections of TM ⊕ T ∗M . For
sections (X, ζ) and (Y, η) of TM ⊕ T ∗M , the Courant bracket is
[(X, ζ), (Y, η)] = ([X,Y ],LXη − LY ζ −
1
2
d(iXη − iY ζ)). (1)
This bracket does not satisfy the Jacobi identity except on certain subspaces of Γ(TM⊕
T ∗M). The latter subspaces of smooth sections are called Dirac subbundles of TM ⊕
T ∗M . Some years later, Liu, Weinstein and Xu introduced in [28] the notion of a Courant
algebroid to generalize the notion of the Drinfel’d double of a Lie bialgebra to the notion
of the double of a Lie bialgebroid (A,A∗) defined by Mackenzie and Xu in [31]. This
structure consists of a vector bundle E → M together with a skewsymmetric bracket
[·, ·] on the space Γ(E) whose ”Jacobi anomaly” has an explicit expression in terms of
a bundle map E → TM and a field of nondegenerate symmetric bilinear forms on E,
and it leads to a Courant algebroid structure on E = A ⊕ A∗. If E = TM ⊕ T ∗M ,
the skewsymmetric bracket on Γ(E) is the bracket (1). In his thesis [38], Roytenberg
reformulated the notion of Courant algebroid introducing a non-skewsymmetric bracket
[[·, ·]] on Γ(E) satisfying certain axioms and proved the equivalence of the two definitions.
The bracket [[·, ·]] is derived by adding a symmetric part to the initial skew-symmetric
bracket which is, in an appropriate sense, a coboundary. When E = TM ⊕ T ∗M , the
new bracket is written as
[[X + ζ, Y + η]] = [X,Y ] + LXη − iY dζ, (2)
for (X, ζ), (Y, η) ∈ Γ(TM ⊕ T ∗M). This coincides with the expression of the bracket
considered by Dorfman in the context of complexes over Lie algebras, in order to char-
acterize Dirac structures [13]. The non-skewsymmetric bracket [[·, ·]] on Γ(E) is named
Courant-Dorfman bracket. For more details about the history of Courant algebroids,
one may consult the paper of Kosmann-Schwarzbach [22]. After the remarks of Uchino
[45], a Courant algebroid is defined as follows.
Definition 2.1 A Courant algebroid over a smooth manifold M is a constant rank
vector bundle E over M equipped with: (i) a fibrewise nondegenerate symmetric bilinear
form 〈·, ·〉 on the bundle, (ii) a R-bilinear bracket [[·, ·]] on Γ(E), and (iii) a smooth vector
bundle map ρ : E → TM , called the anchor map1, with the following properties:
1We note also by ρ the induced map by ρ : E → TM on the spaces of smooth sections, from Γ(E) to
Γ(TM).
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1. The bracket [[·, ·]] satisfies the Jacobi identity in Leibniz form
[[e1, [[e2, e3]]]] = [[[[e1, e2]], e3]] + [[e1, [[e2, e3]]]], for any e1, e2, e3 ∈ Γ(E). (3)
2. The structures 〈·, ·〉 and [[·, ·]] on E are compatible in the sense that, for e1, e2, e3 ∈
Γ(E),
ρ(e1)〈e2, e3〉 = 〈[[e1, e2]], e3〉+ 〈e2, [[e1, e3]]〉. (4)
3. For e1, e2 ∈ Γ(E),
[[e1, e2]] + [[e2, e1]] = dE〈e1, e2〉,
where dE : C
∞(M,R) → Γ(E) is the map defined, for f ∈ C∞(M,R) and e ∈
Γ(E), by
〈dEf, e〉 = 〈e, dEf〉 = ρ(e)(f). (5)
Identifying the dual vector bundle E∗ with E via 〈·, ·〉, we write dE = ρ
∗ ◦ d.2
From the above axioms, we get [45]:
4. The anchor map ρ :
(
Γ(E), [[·, ·]]
)
→
(
Γ(TM), [·, ·]
)
is a homomorphism, i.e.
ρ([[e1, e2]]) = [ρ(e1), ρ(e2)]. (6)
5. The right Leibniz identity is satisfied:
[[e1, fe2]] = f [[e1, e2]] + ρ(e1)(f)e2. (7)
Furthermore, the left Leibniz identity takes the form
[[fe1, e2]] = f [[e1, e2]]− ρ(e2)(f)e1 + 〈e1, e2〉dEf. (8)
For e ∈ Γ(E) and α ∈ Ω1, with a simple calculation one also derives the identities:
6. ρ ◦ ρ∗ = 0,
7. [[e, ρ∗(α)]] = ρ∗(Lρ(e)α),
8. [[ρ∗(α), e]] = −ρ∗(iρ(e)dα),
where L and i denote, respectively, the classical Lie derivative and the contraction of
differential forms.
Finally, we note that the initial skewsymmetric bracket [·, ·] and the non-skewsymmetric
bracket [[·, ·]] on Γ(E) are related through the equality
[[e1, e2]] = [e1, e2] +
1
2
dE〈e1, e2〉.
2The precise definition of dE is dE = (g
♭)−1 ◦ ρ∗ ◦ d, where g♭ : E → E∗ is the vector bundle map
defined by 〈·, ·〉.
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2.2 Cohomology of a Courant algebroid
In [41] Roytenberg defined and studied the notion of Courant-Dorfman algebra which
is an algebraic analogue of Courant algebroids. The relation is analogous to that of
Lie-Rinehart algebras to Lie algebroids and Poisson algebras to Poisson manifolds [19].
A Courant-Dorfman algebra consists of a commutative algebra R, an R-module E
equipped with a pseudo-metric 〈·, ·〉, an E-valued derivation ∂ of R and a Courant-
Dorfman bracket [[·, ·]] satisfying compatibility conditions generalizing those defining a
Courant algebroid. Given a Courant-Dorfman algebra (E ,R, [[·, ·]], 〈·, ·〉, ∂) (or more sim-
ply (E ,R)), a graded commutative R-algebra C(E ,R) endowed with a differential d can
then be defined. The resulting cochain complex (C(E ,R), d) is called the standard com-
plex of (E ,R) and it is an analogue of the de Rham complex of a Lie-Rinehart algebra
for a Courant-Dorfman algebra. For our goals, we first recall the notions of universal en-
veloping and convolution algebra, and we present the structure of the Courant-Dorfman
algebra of a Courant algebroid (E, [[·, ·]], 〈·, ·〉, ρ) following [41].
2.2.1 Universal enveloping and convolution algebra
Let K be a commutative ring containing 12 , V andW two K-modules and (·, ·) : V ⊗V →
W a symmetric bilinear form. Consider the graded K-module L = V [1]⊕W [2] and define
the non-trivial brackets to be −(·, ·). Then L becomes a graded Lie algebra over K. Let
J be the homogeneous ideal of the tensor algebra T (L) that is generated by elements of
the form
v1 ⊗ v2 + v2 ⊗ v1 + (v1, v2), v ⊗ w −w ⊗ v, w1 ⊗ w2 − w2 ⊗ w1.
By definition, the universal enveloping algebra of L is U(L) = T (L)/J and U(L) carries a
natural filtration: Let S(W ) =
⊕
k≥0 S
k(W ) be the symmetric algebra of W and define,
for p ≥ 0,
U(L)−p =
[ p
2
]⊕
k=0
(
V ⊗(p−2k) ⊗ SkW
)
/R,
where R is here the submodule generated by elements of the form
v1 ⊗ . . .⊗ vi ⊗ vi+1 ⊗ . . .⊗ vp−2k ⊗ w1 . . . wk
+ v1 ⊗ . . .⊗ vi+1 ⊗ vi ⊗ . . .⊗ vp−2k ⊗ w1 . . . wk
+ v1 ⊗ . . .⊗ vˆi ⊗ vˆi+1 ⊗ . . .⊗ vp−2k ⊗ (vi, vi+1)w1 . . . wk,
with i = 1, . . . , p − 2k − 1 and k = 0, . . . , [p2 ]. The associated graded of the filtration
· · · ⊂ U−p+1 ⊂ U−p ⊂ U−p−1 ⊂ · · · is grU(L) =
⊕
pU(L)−p/U(L)−p+1. Since U(L) is a
(graded cocommutative) K-coalgebra andR is a K-algebra, the space A = A(V,W ;R) =
Hom(U(L),R) is an associative algebra equipped with the convolution product and
called the convolution algebra of U(L). Since U(L) is non-positively graded one gets
that A is non-negatively graded. Each element of Ap = Hom(U(L)−p,R) is determined
by ([p2 ] + 1)-tuples
ω = (ω0, ω1, . . . , ω[ p
2
])
of homomorphisms
ωk : V
⊗p−2k ⊗W⊗
k
→R.
By construction, any ωk is symmetric in the W -arguments and satisfies
ωk(. . . , vi, vi+1, . . . ; . . .) + ωk(. . . , vi+1, vi, . . . ; . . .)
= −ωk+1(. . . , vˆi, vˆi+1, . . . ; (vi, vi+1), . . .),
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for vi, vj ∈ V and i = 1, . . . , p− 2k. Equivalently, each ωk defines a map
ωk : V
⊗p−2k → Hom(SkW,R). (9)
Similarly, since S(W [2]) is a coalgebra (concentrated in even non-positive degrees),
Hom(S(W [2]),R) is an algebra with multiplication given, for H ∈ Hom(Sp(W [2]),R),
K ∈ Hom(Sq(W [2]),R), by
(H ·K)(w1, . . . , wp+q) =
∑
τ∈sh(p, q)
H(wτ(1), . . . , wτ(p))K(wτ(p+1), . . . , wτ(p+q)).
Here and henceforth, sh(p, q) is the set of (p, q)-shuffles permutations of 1, . . . , p+ q, i.e.,
of permutations τ such that τ(1) < . . . < τ(p) and τ(p+1) < . . . < τ(p+ q). This leads
to the following formula for the multiplication in A:
(ω · η)k(v1, . . . , vp+q−2k) =
∑
i+ j = k
i ≤ [p2 ]
j ≤ [ q2 ]
∑
σ∈sh(p−2i, q−2j)
(−1)|σ|ωi(vσ(1), . . . , vσ(p−2i))ηj(vσ(p−2i+1), . . . , vσ(p+q−2k)),
(10)
where (−1)|σ| is the signature of σ and the multiplication in each summand takes place
in Hom(S(W [2]),R). In particular, for k = 0,
(ω · η)0(v1, . . . , vp+q) =
∑
σ∈sh(p, q)
(−1)|σ|ω0(vσ(1), . . . , vσ(p))η0(vσ(p+1), . . . , vσ(p+q)),
where the multiplication in each summand takes place in R.
2.2.2 The cohomology of the Courant-Dorfman algebra of a Courant alge-
broid
We now define the standard complex of a Courant-Dorfman algebra associated to a
Courant algebroid (E, [[·, ·]], 〈·, ·〉, ρ). Let R = C∞(M,R), E = Γ(E∗) ∼= Γ(E), ∂ = dE ,
and Ω1 = Γ(T ∗M). We thus have a metric R-module (E , 〈·, ·〉) and a symmetric bilinear
form (·, ·) : E × E → Ω1 determined by (·, ·) = d〈·, ·〉. The graded R-module L =
E [1]⊕Ω1[2] is a graded Lie algebra over R with the nontrivial brackets being determined
by −(·, ·). The universal enveloping algebra U(L) and corresponding convolution algebra
A = A(E ,Ω1;R) = Hom(U(L),R) are also defined as above. In particular, we have
A0 = C∞(M,R), A1 = Γ(E∗), A2 = Γ
(
(
∧2E∗)⊕TM), A3 = Γ((∧3E∗)⊕ (E∗⊗TM)).
Set C0 = R and, for each p > 0, let Cp ⊂ Ap be the submodule consisting of elements
ω¯ = (ω¯0, ω¯1, . . . , ω¯[ p
2
]) such that each ω¯k satisfies the following two additional conditions:
1. ω¯k : E
⊗p−2k → Hom(SkΩ1,R) takes values in HomR(S
k
RΩ
1,R) ⊂ Hom(SkΩ1,R),
where SkRΩ
1 is the R-module of the k-symmetric power of the R-module Ω1 and
HomR(S
k
RΩ
1,R) is the space of R-linear maps SkRΩ
1 → R.
2. ω¯k : E
⊗p−2k → HomR(S
k
RΩ
1,R) is R-linear in the (p− 2k)-th argument of E⊗
p−2k
.
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It is easy to see that the space HomR(S
k
RΩ
1,R) is identified with the R-module Xk
of symmetric k-derivations of R, that is, symmetric k-linear forms on R with values in
R which are derivations in each argument ([41], Appendix A, or [26], paragraph 3.2).
Hence, the image ω¯k(e1, . . . , ep−2k) of (e1, . . . , ep−2k) ∈ E
⊗p−2k can be viewed as either a
symmetric k-derivation of R whose value on f1, . . . , fk ∈ R will be denoted by
ωk(e1, . . . , ep−2k; f1, . . . , fk),
or as a symmetric R-multilinear function on SkRΩ
1 whose value on a k-tuple (α1, . . . , αk)
of elements of Ω1 will be denoted by
ω¯k(e1, . . . , ep−2k;α1, . . . , αk).
It is then obvious that
ω¯k(e1, . . . , ep−2k; df1, . . . , dfk) = ωk(e1, . . . , ep−2k; f1, . . . , fk) (11)
and so in the following we will interchange between the two realizations of elements of
Cp without other notice.
Definition 2.2 The graded subalgebra C = C(E ,R) = (Cp)p≥0 of A(E ,Ω
1;R) is called
the Courant-Dorman algebra of the Courant algebroid (E, [[·, ·]], 〈·, ·〉, ρ).
Now, define the map
d : C• → C•+1 (12)
by setting, for all ω = (ω0, ω1, . . . , ω[ p
2
]) ∈ C
p, p ≥ 0,
dω =
(
(dω)0, (dω)1, . . . , (dω)[ p+1
2
]
)
∈ Cp+1,
where, for any k = 0, . . . , [p+12 ],
(dω)k(e1, . . . , ep+1−2k; f1, . . . , fk) =
k∑
µ=1
ωk−1(dEfµ, e1, . . . , ep+1−2k; f1, . . . , fˆµ, . . . , fk)
+
p+1−2k∑
i=1
(−1)i−1〈ei, dE(ωk(e1, . . . , eˆi, . . . , ep+1−2k; f1, . . . , fk))〉
+
∑
i<j
(−1)iωk(e1, . . . , eˆi, . . . , eˆj , [[ei, ej ]], ej+1, . . . , ep+1−2k; f1, . . . , fk). (13)
Lemma 2.3 Let ω = (ω0, . . . , ω[ p
2
]) ∈ C
p and η = (η0, . . . , η[ q
2
]) ∈ C
q. The map (12)
satisfies the Leibniz identity
d(ω · η) = dω · η + (−1)pω · dη.
Proof. A straightforward computation shows that
d(ω · η) =
(
(d(ω · η)
)
0
, . . . , (d(ω · η))[ p+q+1
2
]),
where, for any k = 0, . . . , [p+q+12 ],
(d(ω · η))k = (dω · η)k + (−1)
p(ω · dη)k.

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Proposition 2.4 ([41]) The operator d is a derivation of degree +1 of C(E ,R) and
squares to zero.
The complex (C(E ,R), d) is named the standard complex of (E ,R) and its p-th co-
homology module is denoted by Hp(E ,R).
We continue by defining two inner products in C. Let α ∈ Ω1, and consider the
operator iα : C → C[−2] defined, for ω¯ = (ω¯0, . . . , ω¯[ p
2
]) ∈ C
p, by
iαω¯ = ((iαω¯)0, . . . , (iαω¯)[ p−2
2
]),
where
(iαω¯)k(e1, . . . , ep−2−2k;α1, . . . , αk) = ω¯k+1(e1, . . . , ep−2(k+1);α,α1, . . . , αk). (14)
Then, for f ∈ R, we define the operator if so that
ifω = idf ω¯. (15)
Define also the operator ie : C → C[−1] as follows. Let ω = (ω0, . . . , ω[ p
2
]) ∈ C
p. Then set
ieω = ((ieω)0, . . . , (ieω)[ p−1
2
]), (16)
where
(ieω)k(e1, . . . , ep−1−2k; f1, . . . , fk) = ωk(e, e1, . . . , ep−1−2k; f1, . . . , fk). (17)
Lemma 2.5 Let f ∈ R, e ∈ E, ω = (ω0, . . . , ω[ p
2
]) ∈ C
p and η = (η0, . . . , η[ q
2
]) ∈ C
q. The
operators if , ie are derivations of degree −2 and −1 respectively, satisfying the Leibniz
rules
if (ω · η) = (ifω) · η + ω · (ifη) (18)
ie(ω · η) = (ieω) · η + (−1)
pω · (ieη). (19)
Proof. Use formulæ (10), (15), (14) and (17) to show that as an element of C, it is
if (ω · η) =
(
(if (ω · η))0, . . . , (if (ω · η))[ p+q−2
2
]
)
, where a straightforward computation
shows that
(if (ω · η))k = ((ifω) · η)k + (ω · (ifη))k,
for k = 0, . . . , [p+q−22 ]. Similarlly, it is ie(ω · η) =
(
(ie(ω · η))0, . . . , (ie(ω · η))[ p+q−1
2
]
)
,
where
(ie(ω · η))k = ((ieω) · η)k + (−1)
p(ω · (ieη))k.

Recall that the K-module L′ = E [1] ⊕ R[2] is a graded Lie algebra over K with the
non-trivial brackets given by −〈·, ·〉. Let {·, ·} be the graded commutator on the space
of graded endomorphisms of C. If P and Q are two graded endomorphisms of degree p
and q, respectively, then the graded endomorphism
{P,Q} = P ◦Q− (−1)pqQ ◦ P (20)
is of degree p+ q. Thus, there is a graded Lie algebra representation i : L′ → End(C) of
L′ in the space End(C) of endomorphisms of C defined by the assignments E ∋ e 7→ ie
and R ∋ f 7→ if . By construction, the commutation relations are
{ie1 , ie2} = i−〈e1,e2〉 = −i〈e1,e2〉, (21)
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{ie, if} = −{if , ie} = 0 and {if , ig} = −{ig, if} = 0. (22)
Commuting the inner products ie and if with the derivation d, we define the correspond-
ing Lie derivatives:
Le = {ie, d} = ie ◦ d+ d ◦ ie and Lf = {if , d} = if ◦ d− d ◦ if . (23)
Lemma 2.6 The following Cartan’s commutation relations hold:
1. Lf = idEf
2. {Lf , ie} = Lf ◦ ie + ie ◦ Lf = idEf ◦ ie + ie ◦ idEf
(21)
= i−〈dEf, e〉
3. {Le, if} = Le ◦ if − if ◦ Le
(23)
= −{Lf , ie} − {{if , ie}, d}
(22)
= i〈dEf, e〉
4. {Le1 , ie2} = i[[e1, e2]]
5. {Lf ,Lg} = 0
6. {Le,Lf} = {Le, idEf} = i[[e,dEf ]] = idE〈e,dEf〉 = L〈e, dEf〉
7. {Lf ,Le} = −{Le,Lf} = −idE〈e, dEf〉 = −L〈e, dEf〉
8. {Le1 ,Le2} = L[[e1, e2]]
Proof. Direct computation. 
2.3 Dirac structures and Manin pairs
Definition 2.7 Let (E, [[·, ·]], 〈·, ·〉, ρ) be a Courant algebroid over M . A Dirac structure
is a subbundle L ⊂ E that is maximally isotropic with respect to 〈·, ·〉 and the space Γ(L)
of smooth sections is closed under the bracket [[·, ·]], i.e. [[Γ(L),Γ(L)]] ⊆ Γ(L).
Remarks 2.8
1) The first condition in Definition 2.7 is equivalent to L = L⊥, where L⊥ denotes
the subbundle of E that is orthogonal to L with respect to 〈·, ·〉. It is also equivalent
to the conditions 〈·, ·〉|L×L = 0 and rankL =
1
2rankE. Thus, L is both isotropic and
coisotropic and so, in analogy with the terminology in Symplectic Geometry, it is also
called Lagrangian subbundle of E. Note that E has Lagrangian subbundles L if and only
if the pairing 〈·, ·〉 has split signature (12 rankE,
1
2rankE).
We can also prove that L admits maximal isotropic complements. A choice of such a
maximal isotropic subbundle L′ complement of L relatively to E, E = L⊕L′, determines
an isomorphism between the dual bundle L∗ of L and the subbundle L′.
2) The second condition implies that the restrictions of the anchor map ρ and of the
bracket [[·, ·]] to Γ(L) turn
(
L, ρ|L, [[·, ·]]|Γ(L)×Γ(L)
)
into a Lie algebroid over M . The
generalized distribution ρ(L) ⊂ TM is integrable and defines a generalized foliation of
M .
In the context of the Courant-Dorfman algebra (E ,R, [[·, ·]], 〈·, ·〉, dE ) of a Courant
algebroid (E, [[·, ·]], 〈·, ·〉, ρ), a Dirac structure L ⊂ E defines an R-submodule L ⊂ E
which is isotropic with respect to 〈·, ·〉 and closed under [[·, ·]]. It is then called a Dirac
submodule.
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Proposition 2.9 ([41]) If L is a Dirac submodule of a Courant-Dorfman algebra (E ,R),
then (L,R) is a Lie-Rinehart algebra under the restrictions of the bracket [[·, ·]] (or, equiv-
alently, [·, ·]) and the anchor map ρ.
The corresponding graded commutative R-algebra C(L,R) =
(
Cp(L,R)
)
p≥0
is the
space of R-multilinear alternating forms on L, i.e., Cp(L,R) = Γ(
∧p L∗). It is endowed
with the differential d generalizing the classical Chevalley-Eilenberg differential. For any
ω ∈ Γ(
∧pL∗) and l0, l1, . . . , lp ∈ Γ(L),
dω(l0, l1, . . . , lp) =
p∑
i=0
(−1)iρ(li)(ω(l0, . . . , lˆi, . . . , lp))
+
∑
0≤i<j≤p
(−1)i+jω([[li, lj ]], l0, . . . , lˆi, . . . lˆj , . . . , lp).
The resulting cochain complex (C(L,R), d) is called the Rinehart complex of (L,R). For
more details, see [37], [19].
Definition 2.10 Pairs (E,L), where E is a Courant algebroid over M and L is a Dirac
structure, are called Manin pairs over M .
Example 2.11 (Manin pair over a point) A Courant algebroid over a point, i.e.
M = {p}, is just a quadratic Lie algebra g, that is a Lie algebra endowed with a
nondegenerate symmetric bilinear form 〈·, ·〉 invariant under the adjoint represenation,
namely, 〈aduv,w〉 + 〈v, aduw〉 = 0, for all u, v, w ∈ g. In the case where dim g is even, a
Dirac subspace of g is a Lagrangian Lie subalgebra h ⊂ g, and the pair (g, h) is a Manin
pair.
Examples 2.12 (Manin pairs of the standard Courant algebroid) Consider the
vector bundle E = TM ⊕T ∗M over M equipped with: (i) the nondegenerate symmetric
fibrewise bilinear form 〈·, ·〉 given, at each point x ∈ M and for all (X, ζ), (Y, η) ∈
TxM ⊕ T
∗
xM , by
〈(X, ζ), (Y, η)〉 = 〈η,X〉 + 〈ζ, Y 〉,
(ii) the vector bundle map ρ : TM ⊕ T ∗M → TM which is the projection on the first
summand, (iii) the Courant–Dorfman bracket (2) on the space Γ(E) of smooth sections
of E, and (iv) the map dE : C
∞(M,R)→ Γ(TM ⊕T ∗M) defined by dEf = (0, df). The
above data define a Courant algebroid structure on TM⊕T ∗M which is called standard.
Classical examples of Dirac structures L of TM ⊕ T ∗M are:
1. The graph L = graphω♭ = TM ⊕ Imω♭ of the vector bundle map ω♭ : TM → T ∗M
defined by a (pre)-symplectic 2-form ω on M , [9].
2. The graph L = graphpi# = Impi# ⊕ T ∗M of the vector bundle map pi# : T ∗M →
TM defined by a Poisson bivector field pi on M , [9].
3. The subbundle L = F⊕F 0, where F ⊆ TM is an involutive regular distribution on
M and F 0 ⊆ T ∗M its annihilator in T ∗M (e.g. [2]). Clearly, F = F⊥ and defines
a regular foliation of M . The involutivity of F is equivalent to the integrability of
L. Therefore, regular foliations of a manifold can be viewed as particular cases of
Dirac structures.
In the above cases, the pairs (E,L) are Manin pairs.
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3 Dorfman connections
The notion of Dorfman connection introduced in [17] by Jotz Lean is a new concept
adapted to Courant algebroid theory and plays a role similar to the one that linear
connections play for tangent bundles and Lie algebroids. In the following, for our use, we
present a slightly modified definition of this concept where the role of the dull algebroid3
is given to a Courant algebroid.
3.1 Predual vector bundle
We first define the notion of predual vector bundle B of a Courant algebroid E and
discuss the properties of two vector subbundles of B and E with particular significance
in our study.
Definition 3.1 Let (E, [[·, ·]], 〈·, ·〉, ρ) be a Courant algebroid over M , B → M a vector
bundle of constant rank, 〈·, ·〉 : E ×M B → R a fiberwise bilinear pairing, and dB :
C∞(M,R)→ Γ(B) a map defined, for any e ∈ Γ(E) and f ∈ C∞(M,R), by
〈e, dBf〉 = ρ(e)(f). (24)
The triple (B, dB , 〈·, ·〉) is called predual of E, and E and B are said to be paired by
〈 ·, ·〉 .
Remark 3.2 From definition (24) of dB , it is obvious that determining the section dBf
involves the partial derivatives of f . Therefore, we can see dB as
dB = α ◦ d,
where α : T ∗M → B is a vector bundle map. Choose a family (e1, . . . , er), r = rankE,
of smooth sections of E whose values at each point x ∈M form a basis of the fiber Ex,
a family (b1, . . . , bs), s = rankB, of smooth sections of B whose values at each point
x ∈M form a basis of the fiber Bx, and a system of local coordinates (x
1, . . . , xn) of M .
Let P = (pij) be the s× r matrix defined by the pairing 〈 ·, ·〉 with respect to the frames
(e1, . . . , er) and (b1, . . . , bs), ρ = (ρ
i
j) the n × r matrix of the anchor ρ : E → TM with
respect to the frames (e1, . . . , er) and (
∂
∂x1
, . . . , ∂∂xn ), and A = (α
ij) the s× n matrix of
α with respect to (dx1, . . . , dxn) and (b1, . . . , bs). The coefficients of the above matrices
are in C∞(M,R) and (24) is equivalent to ATP = ρ.
The fiberwise pairing 〈 ·, ·〉 : E ×M B → R gives rise to the C
∞(M,R)-linear maps
〈e, ·〉 : Γ(B)→ C∞(M,R) and 〈 ·, b〉 : Γ(E)→ C∞(M,R).
The first can be viewed as an element of Γ(B∗) and the second as an element of Γ(E∗).
Denote by K the subbundle kerE of B over M , called the kernel of E in B with respect
to 〈 ·, ·〉 , whose fiber at a point x ∈M is the space
Kx = kerEx = {b ∈ Bx / 〈e, b〉 = 0, for all e ∈ Ex}.
3A dull algebroid is a vector bundle Q over a smooth manifold M endowed with an anchor map
ρQ : Q → TM and a bracket [·, ·]Q on Γ(Q) such that, for all q1, q2 ∈ Γ(Q) and f1, f2 ∈ C
∞(M,R),
ρQ[q1, q2]Q = [ρQ(q1), ρQ(q2)] and satisfying the Leibniz identity in both terms: [f1q1, f2q2]Q =
f1f2[q1, q2]Q + f1ρQ(q1)(f2)q2 − f2ρQ(q2)(f1)q1, [17].
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Denote also by F the subbundle kerB of E over M , called the kernel of B in E with
respect to 〈 ·, ·〉 , whose fiber at a point x ∈M is the space
Fx = kerBx = {e ∈ Ex / 〈e, b〉 = 0, for all b ∈ Bx}.
By definition of F , it is 〈e, dBf〉 = 0, for any e ∈ Γ(F ), f ∈ C
∞(M,R). Since
〈e, dBf〉 = 0
(24)
⇔ ρ(e)(f) = 0,
one has that any f ∈ C∞(M,R) is first integral of any vector field ρ(e), e ∈ Γ(F ). This
is possible, only if ρ(e) = 0 ⇔ e ∈ Γ(ker ρ). Thus F can also be determined as the
subbundle of ker ρ ⊆ E whose fiber at each point x ∈M is the space
Fx = kerBx = {e ∈ ker ρx ⊆ Ex / 〈e, b〉 = 0, for all b ∈ Bx}.
Assuming that the pairing 〈·, ·〉 is of constant rank on M , we get that K and F are
also of constant rank. We now make some observations for the cases rankK ≥ 0 and
rankF ≥ 0.
3.1.1 The case rankK ≥ 0
Suppose that rankK ≥ 0 and write B = B/K⊕K. Consider the pairing 〈 ·, ·〉 ′ of E with
B/K defined by 〈·, ·〉 so that for e ∈ Γ(E) and [b] ∈ Γ(B/K), [b] being the class of b in
B/K,
〈e, [b]〉 ′ = 〈e, b〉 . (25)
Obviously 〈e, [b]〉 ′ = 0⇔ 〈e, b〉 = 0, for any e ∈ Γ(E), if and only if b ∈ Γ(K)⇔ [b] = 0
and so 〈e, ·〉′ has trivial kernel. Consequently, B/K ∼= E∗ and, after the isomorphism
E∗ ≃ E, one has
B ∼= E∗ ⊕K ∼= E ⊕K.
Hence, in this case, rankB ≥ rankE. The class [b] of a section b ∈ Γ(B), can be
viewed as an element of Γ(E∗) ∼= Γ(E) which will be denoted by e[b]. In fact this is the
representative of [b] in Γ(E∗) ∼= Γ(E). Thus, for any e ∈ Γ(E), by the definition of e[b]
and by the identification of E with E∗, we have, respectively,
e[b](e) = 〈e, [b]〉
′ = 〈e, b〉 and e[b](e) = 〈e[b], e〉 = 〈e, e[b]〉,
and so
〈e, [b]〉 ′ = 〈e, e[b]〉 = 〈e[b], e〉. (26)
The above allow us to write any b ∈ Γ(B) in the form
b = e[b] + k,
where k is the part of b that is a section of K.
Let b, b′ ∈ Γ(B), f ∈ C∞(M,R) and let b = e[b] + k, b
′ = e[b′] + k
′, and b + b′ =
e[b+b′] + k
′′. Obviously, e[b+b′] = e[b] + e[b′] and k
′′ = k + k′. In the same way one gets
that [fb] = [f(e[b] + k)] = [fe[b] + fk]. Thus we have
e[b+b′] = e[b] + e[b′] and e[fb] = fe[b]. (27)
Next, we discuss the relationship between 〈·, ·〉 and 〈·, ·〉. For e ∈ Γ(E) and b =
e[b] + k ∈ Γ(B), it is
〈e, b〉 = 〈e, e[b] + k〉 = 〈e, [b]〉
′ (26)⇔ 〈e, e[b]〉 = 〈e, e[b]〉,
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i.e. the restriction 〈·, ·〉|Γ(E)×Γ(E∗) of 〈·, ·〉 on Γ(E) × Γ(E
∗) ∼= Γ(E) × Γ(E) recovers
the bilinear nondegenerate symmetric form 〈·, ·〉. We reformulate this as follows: Let
(e1, . . . , er, k1, . . . , ks−r) be an appropriate frame of smooth sections of B whose first r
elements constitute a frame of smooth sections of E and the last s− r = rankK a frame
of smooth sections of K. Let also G denote the r × r nondegenerate matrix of 〈·, ·〉 in
(e1, . . . , er). Denoting by P the matrix of 〈 ·, ·〉 , one then has P =
(
G
0(s−r)×r
)
.
Finally, we make some comments about the sections dBf of B, f ∈ C
∞(M,R). Recall
the matrices introduced in Remark 3.2 and write A in block form as A =
(
A1r×n
A2(s−r)×n
)
.
By the relation P TA = ρT , one gets that A =
(
G−1ρT
A2
)
. Thus,
dBf =
(
dEf
A2df
)
,
i.e., e[dBf ] = dEf and dBf = dEf + k, while k = A
2df ∈ Γ(K). Since the part k = A2df
of dBf does not play any role in definition (24), assume without loss of generality that
A2 = 0. If f is constant along the leaves of the integrable distribution Imρ ⊆ TM , we
have
〈e, dEf〉 = ρ(e)(f) = 0⇔ dEf = 0,
because 〈·, ·〉 is non degenerate. So, e[dBf ] = 0 and dBf = 0. Summarizing,
dBf =


0, if f is constant along Imρ,
dEf, if f is not constant along Imρ.
(28)
3.1.2 The case rankF ≥ 0
Suppose rankF ≥ 0. With an argument similar to the previous subsection, it is E/F ∼=
B∗. Hence, E ∼= B∗ ⊕ F , which means that rankE ≥ rankB. For any e ∈ Γ(E), let [e]
be its class in E/F ∼= B∗ and b∗[e] its representative in B
∗. Then,
e = b∗[e] + s, s ∈ Γ(F ).
The pairing 〈 ·, ·〉 induces a nondegenerate pairing between B∗ and B denoted by 〈 ·, ·〉 ′′.
For any b∗ ∈ Γ(B∗), there is an e ∈ Γ(E) such that b∗[e] = b
∗. So,
〈b∗, b〉 ′′ = 〈b∗[e], b〉
′′ = 〈b∗[e] + f, b〉 = 〈e, b〉 .
On the other hand, E∗ ∼= B ⊕ F ∗ and (E/F )∗ ∼= F 0 ⇔ B ∼= F 0, where F 0 denotes the
annihilator of F ⊂ E in E∗. It is easy to see that the pairing 〈·, ·〉 between E and E∗,
defined by the symmetric bilinear form on E, induces a nondegenerate pairing between
B and B∗ and between F and F ∗. Identifying B with B∗ and F with F ∗ we get that
the pairings between B and B∗ induced by 〈 ·, ·〉 and 〈·, ·〉 coincide. In conclusion, write
E ∼= B ⊕ F. (29)
Consider now an appropriate frame of smooth sections (b1, . . . , bs, fs+1, . . . , fr) of E
adapted to the splitting (29). Let again G be the matrix corresponding to 〈·, ·〉, P to
〈 ·, ·〉 and ρ to the anchor map. In block form, they are
G =
(
G1 0
0 G2
)
, P =
(
G1 0
)
and ρ =
(
R 0
)
.
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Hence, P TA = ρT ⇔ A = (G1)−1RT and
dBg = dEg, for any g ∈ C
∞(M,R). (30)
Of course, if g is constant along the integral manifolds of Imρ, then dEg = 0, and so
dBg = 0.
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The above remarks explain the term predual of E for the triple (B, dB , 〈 ·, ·〉).
3.2 Dorfman connections
Definition 3.3 Let (E, [[·, ·]], 〈·, ·〉, ρ) be a Courant algebroid over a smooth manifold M
and (B, dB , 〈 ·, ·〉) a predual of E. An E-Dorfman connection on B is an R-bilinear map
∇ : Γ(E) × Γ(B)→ Γ(B)
such that, for all e ∈ Γ(E), b ∈ Γ(B), and f ∈ C∞(M,R), the following three axioms
are satisfied:
1. ∇feb = f∇eb+ 〈e, b〉dBf ,
2. ∇e(fb) = f∇eb+ ρ(e)(f)b,
3. ∇e(dBf) = dB(Lρ(e)f).
The last condition means that the space Γ(ImdB) of smooth sections of ImdB is invariant
under the map ∇e, for any e ∈ Γ(E).
Let C(E,B) be the set of E-Dorfman connections on B. We prove that it is non-
empty.
Lemma 3.4 Let (E, [[·, ·]], 〈·, ·〉, ρ) be a Courant algebroid over a smooth n-dimensional
manifold M and B a trivial vector bundle over M . There exists a predual structure
(dB , 〈 ·, ·〉) of E on B and an E-Dorfman connection ∇ on B compatible with (dB , 〈 ·, ·〉).
Proof. Let (x1, . . . , xn) be a local coordinate system of M and let B ∼= M × Rs
be the rank s trivial vector bundle over M . The space Γ(B) of smooth sections of
B is the space of Rs-valued smooth functions on M which coincides with the space
{(f1, . . . , fs) / fi ∈ C
∞(M,R), i = 1, . . . , s}. Suppose that rankE = r and let (e1, . . . , er)
be a frame of smooth sections of E∗ . As in subsection 3.1.1, let ρ = (ρij) be the n × r
matrix defined by the anchor map ρ = ρij
∂
∂xi
⊗ ej . Let α : T ∗M → B be a vector bundle
map such that the distribution Imα∗ ⊂ TM verifies the strong integrability condition:
[Imα∗, Imα∗] = 0. (31)
Denote by A = (αij) the corresponding s × n matrix of α. Let dB : C
∞(M,R) → B
be defined by dBf = (α ◦ d)(f) = Adf = (α
1j ∂f
∂xj
, . . . , αsj ∂f
∂xj
)T . Let now P = (pij)
be an s × r matrix with elements in C∞(M,R). Define a fiberwise bilinear pairing
〈·, ·〉 on E × B by setting, for any e ∈ Γ(E) and b ∈ Γ(B) viewed as column matrices,
〈e, b〉 = bTPe. For (24) to hold, choose P in such a way that ATP = ρ. This is always
4Note that dEg are sections of ker ρ (because of property 6 of the Courant algebroid structure), for
all g ∈ C∞(M,R). However, these are not, in general, sections of F ⊂ ker ρ. Since B ∼= F 0 and
ρ(B) = ρ(E) as subbundles of TM , if dEg ∈ Γ(F ), then 〈dEg, b〉 = 0 ⇔ ρ(b)(g) = 0, for any b ∈ Γ(B).
This is equivalent to saying that g is constant along the leaves of the integrable distribution Imρ. In this
case though, dEg = 0, which is not always true.
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possible. If rankA = s, the matrix AT has a left inverse matrix AT
−1
L , thus P = A
T−1
L ρ.
If rankA = m < s, we have more than one ways to define P . Without loss of generality,
suppose that the first m columns of the matrix AT =
(
A1n×m A
2
n×(s−m)
)
are linearly
independent at each x ∈ M and so the block A1 has a left inverse matrix A1
−1
L . One
can then solve the equation ATP = ρ:
ATP = ρ ⇔
(
A1n×m A
2
n×(s−m)
)( P 1m×r
P 2(s−m)×r
)
= ρ
⇔ A1P 1 +A2P 2 = ρ
⇔ P 1 = (A1)−1L
(
ρ−A2P 2
)
.
For any choice of the block P 2 of P , we find the block P 1 by the last equation and thus
the matrix P .
We proceed by constructing an E-Dorfman connection. Let ∇ : Γ(E)×Γ(B)→ Γ(B)
be defined, for any e ∈ Γ(E) and (f1, . . . , fs) ∈ Γ(B), by
∇e(f1, . . . , fs) = (Lρ(e)f1, . . . ,Lρ(e)fs) +
s∑
i=1
fidB(Pi(e)), (32)
where Pi(e) is the i-coordinate function of the section 〈e, ·〉 = Pe of B
∗. One can easily
check that (32) satisfies the first and second condition of Definition 3.3. The third
condition is satisfied if and only if, for any k = 1, . . . , s,
αit
∂αkl
∂xt
= αkt
∂αil
∂xt
. (33)
In fact, the k-term of ∇edBf , is
Lρ(e)(α
kj ∂f
∂xj
)+αij
∂f
∂xj
(
k− term of dB(Pi(e))
)
= ρl(e)
∂(αkj ∂f
∂xj
)
∂xl
+αij
∂f
∂xj
αkt
∂(Pi(e))
∂xt
,
where ρl(e) is the l-coordinate function of the vector field ρ(e), while the k-term of
dB(Lρ(e)f) is
αkt
∂(Lρ(e)f)
∂xt
= αkt
∂(ρl(e) ∂f
∂xl
)
∂xt
.
Taking into account that ATP = ρ, it follows that the two terms are equal if and only if
(33) holds. This is because the system of partial differential equations (33) is equivalent
to the integrability condition (31). Thus (32) defines an E-Dorfman connection on B
compatible with the predual structure of E on B defined by (A,P ). 
The E-Dorfman connection (32) on the trivial bundle B is called the trivial E-
Dorfman connection on B.
Remark 3.5 Note that, since ρ(dEf) = 0, if rankA = s, then PdEf = A
T−1
L ρdEf = 0.
Thus,
∇dEf
(32)
= 0. (34)
Remark 3.6 Let (E,B) be as in Definition 3.3, and∇0, ∇1 two E-Dorfman connections
on B. Then, for any g ∈ C∞(M,R), the map
∇ := (1− g)∇0 + g∇1,
is an E-Dorfman connection on B.
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Proposition 3.7 Let (E,B) be as in Definition 3.3. With the notation in Lemma 3.4,
suppose that Imα∗ verifies the strong integrability condition (31). Then the set C(E,B)
of E-Dorfman connections on B is non-empty. It carries a natural affine structure with
direction C1 ⊗ Γ((B/ImdB)
∗ ⊗B).
Proof. We start by showing that C(E,B) is non empty. Choose an open cover (Ui)i∈I
of M such that, for any i ∈ I, B|Ui is trivial, and pick a smooth partition of unity
(ψj)j∈J subordinate to this cover. Since B|Ui is trivial, it admits the trivial E-Dorfman
connection ∇i given in Lemma 3.4. This connection is compatible with the induced
predual structure of E|Ui on B|Ui . Then
∇0 =
∑
i∈I,j∈J
ψj∇
i (35)
is an E-Dorfman connection on B, so C(E,B) is non empty. Note that ∇0 satisfies (34).
Let ∇ be an E-Dorfman connection on B and C an element of Γ(Hom(E,B∗⊗B)) ∼=
Γ(E∗ ⊗ B∗ ⊗ B) ∼= C1 ⊗ Γ(End(B)). It is easy to check that ∇ + C is an E-Dorfman
connection on B if and only if ImdB ⊆ kerC(e, ·), for any e ∈ C
1. On the other hand, if
∇ and ∇′ are two E-Dorfman connections on B, by the first property of Definition 3.3
we get that, for any f ∈ C∞(M,R), e ∈ Γ(E) and b ∈ Γ(B),
∇feb−∇
′
feb = f(∇e −∇
′
e)b.
Thus ∇b − ∇′b is a C∞(M,R)-linear homomorphism from Γ(E) to Γ(B). Using the
Leibniz rule and the third property of Definition 3.3 for ∇ and∇′ we obtain, respectively,
that
∇e(fb)−∇
′
e(fb) = f(∇e −∇
′
e)b and ∇edBf −∇
′
edBf = 0.
This shows that ∇e−∇
′
e is a C
∞(M,R)-linear endomorphism of Γ(B) vanishing identi-
cally on ImdB and so can be viewed as a section of the vector bundle (B/ImdB)
∗ ⊗ B.
As a result, ∇−∇′ is an element of C1 ⊗ Γ((B/ImdB)
∗ ⊗B). 
Remark 3.8 Set the connection ∇0 (35) to be the origin of the affine space C(E,B).
Any other element ∇ = ∇0 + C of C(E,B), with C ∈ C1 ⊗ Γ((B/ImdB)
∗ ⊗B), satisfies
(34) if and only if C(dEf, ·) = 0. Since E = E/Imρ
∗ ⊕ Imρ∗ and ImdE ⊆ Imρ
∗, one can
construct E-Dorfman connections ∇ on B that satisfy (34) by adding to ∇0 elements
C ∈ C1 ⊗ Γ((B/ImdB)
∗ ⊗B) whose restriction on Imρ∗ vanishes.
Proposition 3.9 Let (E,B) be as in Definition 3.3. Any E-Dorfman connection ∇ on
B defines a B-linear connection D on E.
Proof. We consider the cases B ∼= E ⊕K and E ∼= B ⊕ F separately.
If B ∼= E ⊕ K, extend the vector bundle map ρ : E → TM to a vector bundle
map a : B → TM setting a(b) = ρ(e[b]). One can then easily prove that the map
D : Γ(B)× Γ(E)→ Γ(E) defined by
Dbe = e[∇eb] − [[e, e[b]]] (36)
is a B-linear connection on E.
If B ∼= E/F , take a : B → TM , a = ρ|B . One then checks that the map D :
Γ(B)× Γ(E)→ Γ(E) defined by
Dbe = ∇eb− [[e, b]] (37)
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is a B-linear connection on E. 
By (36) and (37), the compatibility condition (4) between 〈·, ·〉 and [[·, ·]] can be
rewritten, in both cases, as
ρ(e)〈e′, b〉 = 〈 [[e, e′]], b〉 − 〈Dbe, e
′〉+ 〈e′,∇eb〉 , (38)
for any e, e′ ∈ Γ(E), b ∈ Γ(B). The expression above can be considered as a compatibility
condition between the Courant algebroid structure of E and the E-Dorfman connection
on B.
Comment 3.10 The compatibility condition (38) is slight different from the one given
in [17] (Proposition 3.4) between the bracket of a dull algebroid and a Dorfman connec-
tion. The difference lies in the fact that a Courant bracket does not satisfiy, like a dull
bracket, the Leibniz identity in both arguments.
3.3 Curvature of Dorfman connections
Let Cp(E ;B) be the space of p-cochains with values in Γ(B) and C(E ;B) = (Cp(E ;B))p≥0.
Each element H of Cp(E ;B) is determined by a ([p2 ] + 1)-tuple H = (H0,H1, . . . ,H[ p2 ]
)
of homomorphisms
Hk : E
⊗p−2k ⊗ SkΩ1 → Γ(B)
such that
1. Hk : E
⊗p−2k → Hom(SkΩ1,Γ(B)) takes values in HomR(S
k
RΩ
1,Γ(B)), where SkRΩ
1
is theR-module of the k-symmetric power ofR-module Ω1 and HomR(S
k
RΩ
1,Γ(B))
is the space of R-linear maps from SkRΩ
1 to Γ(B);
2. Hk : E
⊗p−2k → HomR(S
k
RΩ
1,Γ(B)) is R-linear in the (p − 2k)-th argument of
E⊗
p−2k
.
Clearly, the space Cp(E ;B) is identified with Cp ⊗ Γ(B) and C(E ;B) ∼= C ⊗ Γ(B).
Definition 3.11 An E-Dorfman connection ∇ on B defines a map
d∇ : Γ(B)→ Γ(E∗ ⊗B) ∼= C1 ⊗ Γ(B),
called Dorfman covariant derivation, satisfying, for any f ∈ C∞(M,R), b ∈ Γ(B), the
Leibniz rule
d∇(fb) = dEf ⊗ b+ fd
∇b.
We extend the multiplication · in C (see formula (10)) to a multiplication, also de-
noted by ·, between elements of C and C ⊗ Γ(B) setting, for any ω ∈ Cp and η ⊗ b =
(η0, η1, . . . , η[ q
2
])⊗ b ∈ C
q ⊗ Γ(B),
ω · (η ⊗ b) := (ω · η)⊗ b.
As in the theory of linear connections, one can prove that the Dorfman covariant deriva-
tion d∇ extends uniquely to an operator of degree +1, denoted also by d∇,
d∇ : Cp ⊗ Γ(B)→ Cp+1 ⊗ Γ(B), (39)
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satisfying the Leibniz rule
d∇(ω ⊗ b) = dω ⊗ b+ (−1)pω · d∇b, (40)
for all ω ∈ Cp, b ∈ Γ(B). Taking into account the formula (13) as well as the second
axiom of Definition 3.3, we have that, for any H = (H0,H1, . . . ,H[ p
2
]) ∈ C
p(E ;B) ∼=
Cp ⊗ Γ(B), its covariant derivative d∇H ∈ Cp+1(E ;B) is given by the ([p+12 ] + 1)-tuple
((d∇H)0,
(
d∇H)1, . . . , (d
∇H)[ p+1
2
]) with
(d∇H)k(e1, . . . , ep+1−2k; f1, . . . , fk) =
k∑
µ=1
Hk−1(dEfµ, e1, . . . , ep+1−2k; f1, . . . , fˆµ, . . . , fk)
+
p+1−2k∑
i=1
(−1)i−1∇ei(Hk(e1, . . . , eˆi, . . . , ep+1−2k; f1, . . . , fk))
+
∑
i<j
(−1)iHk(e1, . . . , eˆi, . . . , eˆj , [[ei, ej ]], ej+1, . . . , ep+1−2k; f1, . . . , fk).
Extend the operators (15) and (16) to operators on C• ⊗ Γ(B) by
if : C
p ⊗ Γ(B) → Cp−2 ⊗ Γ(B)
ω ⊗ b 7→ (ifω)⊗ b (41)
and
ie : C
p ⊗ Γ(B) → Cp−1 ⊗ Γ(B)
ω ⊗ b 7→ (ieω)⊗ b. (42)
The commutator (20) also naturally extends to the space of graded endomorphisms of
C ⊗ Γ(B). This way we obtain the operators
∇e = {ie, d
∇} = ie ◦ d
∇ + d∇ ◦ ie, (43)
L∇f = {if , d
∇} = if ◦ d
∇ − d∇ ◦ if , (44)
satisfying and the graded-commutation identities
{ie1 , ie2} = ie1 ◦ ie2 + ie2 ◦ ie1 = i−〈e1,e2〉,
{∇e1 , ie2} = ∇e1 ◦ ie2 − ie2 ◦ ∇e1 = i[[e1,e2]]. (45)
Note also that, for f ∈ C∞(M,R) and e ∈ Γ(E), the operator
ie ◦ d
∇ : Cp ⊗ Γ(B)→ Cp ⊗ Γ(B),
has the property
ifed
∇(ω ⊗ b) = fied
∇(ω ⊗ b) + ω ⊗ (ifed
∇b)
= fied
∇(ω ⊗ b) + ω ⊗ (fied
∇b+ 〈e, b〉dBf).
It follows that the vector bundle map d∇b : Γ(E) → Γ(B) is not an homomorphism as
in the case of classical linear connections, but satisfies the Leibniz formula
d∇b(fe) = fd∇b(e) + 〈e, b〉dBf.
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Proposition 3.12 The following identities hold in Cp(E ;B)
∇e(ω ⊗ b) = (Leω)⊗ b+ ω ⊗∇eb and L
∇
f (ω ⊗ b) = (idEfω)⊗ b. (46)
Proof. Let ω ⊗ b ∈ Cp ⊗ Γ(B). Then
∇e(ω ⊗ b)
(43)
= (ie ◦ d
∇)(ω ⊗ b) + (d∇ ◦ ie)(ω ⊗ b)
(40)
= ie(dω ⊗ b+ (−1)
pω · d∇b) + d(ieω)⊗ b+ (−1)
p−1(ieω) · d
∇b
(19),(42)
= (iedω + dieω)⊗ b+ (−1)
p(ieω) · d
∇b+ (−1)2pω ⊗ (ied
∇b)
+ (−1)p−1(ieω) · d
∇b
(23)
= Leω ⊗ b+ ω ⊗∇eb.
Also,
L∇f (ω ⊗ b)
(44)
= (if ◦ d
∇ − d∇ ◦ if )(ω ⊗ b)
(40)
= if (dω ⊗ b+ (−1)
pω · d∇b)− d∇((ifω)⊗ b)
(41),(40)
= (ifdω)⊗ b+ (−1)
p(ifω) · d
∇b− d(ifω)⊗ b− (−1)
p−2(ifω) · d
∇b
(23)
= Lfω ⊗ b
= (idEfω)⊗ b.

Lemma 3.13 The map
(d∇)2 : Cp ⊗ Γ(B)→ Cp+2 ⊗ Γ(B)
has the property
(d∇)2(ω ⊗ b) = ω · (d∇)2b
and is C∞(M,R)-linear on the sections of B.
Proof. For ω ⊗ b ∈ Cp ⊗ Γ(B), it is
(d∇)2(ω ⊗ b) = d∇(dω ⊗ b+ (−1)pω · d∇b)
= (d2ω)⊗ b+ (−1)p+1dω · d∇b+ (−1)pdω · d∇b+ (−1)2pω · (d∇)2b
= ω · (d∇)2b.
Also, for any f ∈ C∞(M,R),
(d∇)2(ω ⊗ (fb)) = ω · d∇(df ⊗ b+ fd∇b)
= ω ·
(
d(df)⊗ b− df · d∇b+ df · d∇b+ f(d∇)2b
)
= ω ·
(
f(d∇)2b
)
.

It follows that the map (d∇)2 : Γ(B) → C2 ⊗ Γ(B) is an End(B)-valued element of C2,
and so can be identified with an element R∇ = (R∇0 , R
∇
1 ) of C
2 ⊗ Γ(End(B)).
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Definition 3.14 For any E-Dorfman connection ∇ on a smooth vector bundle B →M
with a predual structure of E, the object (d∇)2 ∈ C2⊗Γ(End(B)) is called the curvature
of ∇. An E-Dorfman connection ∇ on B whose curvature (d∇)2 is identically zero is
called flat.
Proposition 3.15 The curvature (d∇)2 : Γ(B)→ C2 ⊗Γ(B) of an E-Dorfman connec-
tion ∇ on a predual vector bundle B of E satisfies the following identities:
ie2 ◦ ie1((d
∇)2b) = ∇e1∇e2b−∇e2∇e1b−∇[[e1,e2]]b,
if ((d
∇)2b) = ∇dEfb.
Furthermore, the restriction of (d∇)2 on ImdB vanishes.
Proof. Let b ∈ Γ(B), e1, e2 ∈ Γ(E), and f ∈ C
∞(M,R) ∼= R. Then one has
ie2 ◦ ie1((d
∇)2b) = ie2 ◦ (ie1 ◦ d
∇)(d∇b)
(43)
= ie2 ◦ (∇e1 − d
∇ ◦ ie1)(d
∇b)
= (ie2 ◦ ∇e1)(d
∇b)− (ie2 ◦ d
∇)∇e1b
(45)(43)
= (∇e1 ◦ ie2 − i[[e1,e2]])(d
∇b)− (∇e2 − d
∇ ◦ ie2)∇e1b
= (∇e1∇e2 −∇e2∇e1 −∇[[e1,e2]])(b),
which is the well know formula of curvature. We also write ie2◦ie1((d
∇)2b) = R∇0 (e1, e2)b,
and so
R∇0 (e1, e2)b = ∇e1∇e2b−∇e2∇e1b−∇[[e1,e2]]b. (47)
Since if is of degree −2, it is
if ((d
∇)2b) = (if ◦ d
∇)(d∇b)
(44)
= (L∇f + d
∇ ◦ if )(d
∇b)
= L∇f (d
∇b)
(46)
= idEf (d
∇b) = ∇dEfb,
and so
R∇1 (f)b = ∇dEfb. (48)
Clearly R∇0 (e1, e2)dBg = 0 and R
∇
1 (f)dBg = 0, for any g ∈ C
∞(M,R). Thus, R∇ =
(R∇0 , R
∇
1 ) is an element of C
2 ⊗ Γ((B/ImdB)
∗ ⊗B). 
Definition 3.16 Let (E, [[·, ·]], 〈·, ·〉, ρ) be a Courant algebroid. An E-Dorfman module
is a predual vector bundle B → M of E endowed with a flat E-Dorfman connection.
Equivalently, a flat E-Dorfman connection on B will also be called an E-Dorfman action
or E-Dorfman representation of E on B.
3.4 Induced connections and Bianchi identity
Definition 3.17 The dual E-Dorfman connection ∇∗ of an E-Dorfman connection ∇
on a predual vector bundle B of E is the map
∇∗ : Γ(E)× Γ(B∗)→ Γ(B∗),
such that
ρ(e)〈b∗, b〉 = 〈∇∗eb
∗, b〉+ 〈b∗,∇eb〉,
where 〈·, ·〉 denotes the duality pairing between Γ(B∗) and Γ(B).
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By the properties of ∇ (see Definition 3.3) one has that
1. ∇∗feb
∗ = f∇∗eb
∗ − 〈b∗, dBf〉〈e, ·〉 , and
2. ∇∗e(fb
∗) = f∇∗eb
∗ + ρ(e)(f)b∗.
The curvature R∇
∗
= (R∇
∗
0 , R
∇∗
1 ) of ∇
∗ is then defined by the relations
〈R∇
∗
0 (e1, e2)b
∗, b〉+ 〈b∗, R∇0 (e1, e2)b〉 = 0 and 〈R
∇∗
1 (f)b
∗, b〉+ 〈b∗, R∇1 (f)b〉 = 0. (49)
As in the classical case, ∇ induces an E-Dorfman connection on any tensor bundle
constructed from B. In particular, the pair (∇∗,∇) induces an E-Dorfman connection
∇˜ on B∗ ⊗B ∼= End(B) by
∇˜e(b
∗ ⊗ b) = ∇∗eb
∗ ⊗ b+ b∗ ⊗∇eb.
It is then a simple calculation to check that the connection ∇˜ has the following properties:
1. ∇˜fe(b
∗ ⊗ b) = f∇˜e(b
∗ ⊗ b)− 〈b∗, dBf〉〈e, ·〉 ⊗ b+ 〈e, b〉b
∗ ⊗ dBf ,
2. ∇˜ef(b
∗ ⊗ b) = f∇˜e(b
∗ ⊗ b) + ρ(e)(f)(b∗ ⊗ b),
3. ∇˜e(b
∗ ⊗ dBf) = ∇
∗
eb
∗ ⊗ dBf + b
∗ ⊗ dB(Lρ(e)f).
Note that the space Γ(B∗ ⊗ ImdB) ⊂ Γ(B
∗ ⊗B) is invariant by ∇˜e.
Proposition 3.18 Let e ∈ Γ(E) and τ ∈ Γ(End(B)). Then ∇˜ satisfies
∇˜eτ = [∇e, τ ] = ∇e ◦ τ − τ ◦ ∇e. (50)
Denote by Cp(E ; End(B)) the space of End(B)-valued p-cochains and set C(E ; End(B)) =
(Cp(E ; End(B)))p≥0. Each element Φ of C
p(E ; End(B)) is determined by ([p2 ] + 1)-tuples
Φ = (Φ0,Φ1, . . . ,Φ[ p
2
]) of homomorphisms
Φk : E
⊗p−2k ⊗ SkΩ1 → Γ(End(B))
characterized by the following conditions:
1. Φk : E
⊗p−2k → Hom(SkΩ1,Γ(End(B))) takes values in HomR(S
k
RΩ
1,Γ(End(B))),
where SkRΩ
1 is the R-module of the k-symmetric power of the R-module Ω1 and
HomR(S
k
RΩ
1,Γ(End(B))) is the space of R-linear maps SkRΩ
1 → Γ(End(B));
2. Φk : E
⊗p−2k → HomR(S
k
RΩ
1,Γ(End(B))) is R-linear in the (p − 2k)-th argument
of E⊗
p−2k
.
Hence, the space Cp(E ; End(B)) is identified with Cp ⊗ Γ(End(B)) and C(E ; End(B)) ∼=
C ⊗ Γ(End(B)).
The E-Dorfman connection ∇˜ on End(B) defines a covariant derivation operator
d∇˜ : Γ(End(B))→ C1 ⊗ Γ(End(B))
such that, for any f ∈ C∞(M,R) and τ ∈ Γ(End(B)), it is
d∇˜(fτ) = dEf ⊗ τ + fd
∇˜τ.
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This extends uniquely to an operator of degree +1, denoted also d∇˜, on the space of
End(B)-valued p-cochains Cp(E)⊗ Γ(End(B)):
d∇˜ : Cp(E)⊗ Γ(End(B))→ Cp+1(E)⊗ Γ(End(B)).
More precisely, the image of an element Φ = (Φ0,Φ1, . . . ,Φ[ p
2
]) ∈ C
p(E)⊗ Γ(End(B)), is
d∇˜Φ = ((d∇˜Φ)0, (d
∇˜Φ)1, . . . , (d
∇˜Φ)[ p+1
2
]) ∈ C
p+1(E)⊗ Γ(End(B)), where
(d∇˜Φ)k(e1, . . . , ep+1−2k; f1, . . . , fk) =
k∑
µ=1
Φk−1(dEfµ, e1, . . . , ep+1−2k; f1, . . . , fˆµ, . . . , fk)
+
p+1−2k∑
i=1
(−1)i−1∇˜ei(Φk(e1, . . . , eˆi, . . . , ep+1−2k; f1, . . . , fk))
+
∑
i<j
(−1)iΦk(e1, . . . , eˆi, . . . , eˆj , [[ei, ej ]], ej+1, . . . , ep+1−2k; f1, . . . , fk). (51)
Proposition 3.19 (Bianchi identity) Let (E,B,∇, R∇) as above. The Bianchi iden-
tity
d∇˜(R∇) = 0
holds.
Proof. We have R∇ = (R∇0 , R
∇
1 ) ∈ C
2(E ; End(B)). So, its image through d∇˜ is
d∇˜(R∇) = ((d∇˜(R∇))0, (d
∇˜(R∇))1) ∈ C
3(E ; End(B)) and, for any e1, e2, e3 ∈ Γ(E),
(d∇˜(R∇))0(e1, e2, e3)
(51)
= ∇˜e1(R
∇
0 (e2, e3))− ∇˜e2(R
∇
0 (e1, e3)) + ∇˜e3(R
∇
0 (e1, e2))
−R∇0 ([[e1, e2]], e3)−R
∇
0 (e2, [[e1, e3]]) +R
∇
0 (e1, [[e2, e3]])
(50)
= ∇e1 ◦R
∇
0 (e2, e3)−R
∇
0 (e2, e3) ◦ ∇e1 −∇e2 ◦R
∇
0 (e1, e3)
+R∇0 (e1, e3) ◦ ∇e2 +∇e3 ◦R
∇
0 (e1, e2)−R
∇
0 (e1, e2) ◦ ∇e3
−R∇0 ([[e1, e2]], e3)−R
∇
0 (e2, [[e1, e3]]) +R
∇
0 (e1, [[e2, e3]])
= 0. (52)
For the last equation use the curvature expression (47) and the fact that the bracket
[[·, ·]] verifies the Jacobi identity (3). Similarly, for (d∇˜(R∇))1 one gets
(d∇˜(R∇))1(e; f)
(51)
= R∇0 (dEf, e) + ∇˜e(R
∇
1 (f))
(50)
= R∇0 (dEf, e) +∇e ◦R
∇
1 (f)−R
∇
1 (f) ◦ ∇e
(47),(48)
= ∇dEf∇e −∇e∇dEf −∇[[dEf,e]] +∇e∇dEf −∇dEf∇e
= 0. (53)

With respect to the extention ∇˜ one can prove that its curvature R∇˜ = (R∇˜0 , R
∇˜
1 ) is
given, for any e1, e2 ∈ Γ(E), f ∈ C
∞(M,R), and τ ∈ Γ(End(B)), by
R∇˜0 (e1, e2)τ = R
∇
0 (e1, e2)◦τ−τ◦R
∇
0 (e1, e2) and R
∇˜
1 (f)τ = R
∇
1 (f)◦τ−τ◦R
∇
1 (f). (54)
Remark 3.20 From (49) and (54), respectively, it follows that, if ∇ is a flat E-Dorfman
connection on B, then ∇∗ is also a flat E-Dorfman connection on B∗ and ∇˜ is a flat
E-Dorfman connection on B∗ ⊗B.
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3.5 Examples of Dorfman connections
Example 3.21 This example is inspired by example 4.2 in [17]. Consider the standard
Courant algebroid E = TM ⊕ T ∗M (Example 2.12) and a linear TM -connection △ on
TM .5 Let △∗ be its dual connection on T ∗M . The map
∇ : Γ(E)× Γ(E)→ Γ(E),
defined, for any (X, ζ), (Y, η) ∈ Γ(E), by
∇(X,ζ)(Y, η) =
(
△XY, LXη + 〈△
∗
·ζ, Y 〉
)
,
defines an E-Dorfman connection on (E, dE , 〈·, ·〉). Its dual E-Dorfman connection ∇
∗
on E∗ = T ∗M ⊕ TM is given, for any (X, ζ) ∈ Γ(E) and (η, Y ) ∈ Γ(E∗), by
∇∗(X,ζ)(η, Y ) =
(
△∗Xη −△
∗
Y ζ, △XY + 〈△
∗
X · −LX ·, Y 〉
)
.
Examples 3.22 (Regular Courant algebroids) Let (E, [[·, ·]], 〈·, ·〉, ρ) be a regular Cou-
rant algebroid, i.e. F := ρ(E) ⊆ TM is an integrable distribution of constant rank on the
base manifold M and so defines a regular foliation of M . Then, ker ρ and its orthogonal
(ker ρ)⊥, with respect to the metric 〈·, ·〉, are constant rank smooth subbundles of E. It
can be checked that G = ker ρ/(ker ρ)⊥ is a bundle of quadratic Lie algebras overM and,
as it was proved in [6], E is isomorphic to F ∗⊕G⊕F . In this case, dEf = dF ∗f +0+0,
where dF ∗ : C
∞(M,R) → Γ(F ∗) denotes the leafwise de Rham differential. In the fol-
lowing, we construct two examples of Dorfman connections in the framework of regular
Courant algebroids.
Example 1. Consider the vector bundle of constant rank B = F ⊕F ∗ endowed with the
natural predual structure (〈 ·, ·〉 , dB) of E. More precisely, 〈 ·, ·〉 : E ×M B → R is given,
for any ζ + r +X ∈ Γ(E) and Y + η ∈ Γ(B), by
〈ζ + r +X,Y + η〉 = 〈η,X〉 + 〈ζ, Y 〉
and dBf = 0 + dF ∗f . Let prF ∗ : F ⊕ F
∗ → F ∗ be the projection onto the second
summand and Q : Γ(F ) × Γ(G) → Γ(F ∗) be a C∞(M,R)-bilinear map defined by the
Courant algebroid structure on F ∗ ⊕ G ⊕ F , [6, Lemma 2.1]. Choose a classical F -
connection △ on F (there always exists one) and denote by △∗ its dual connection on
F ∗. One can then check directly that the map
∇ : Γ(F ∗ ⊕ G ⊕ F )× Γ(F ⊕ F ∗)→ Γ(F ⊕ F ∗)
defined, for ζ + r +X ∈ Γ(F ∗ ⊕ G ⊕ F ) and (Y + η) ∈ Γ(F ⊕ F ∗), by
∇ζ+r+X(Y + η) = ([X,Y ] +△YX) + prF ∗(LXη − i(Y )dζ) +△
∗
Y ζ +Q(Y, r)
is a F ∗ ⊕ G ⊕ F - Dorfman connection on F ⊕ F ∗.
Example 2. Accordingly to Proposition 4.12 in [14], the bundle of quadratic Lie algebras
G, endowed with the induced Courant algebroid structure from this one of F ∗⊕G⊕F , is
a Courant algebroid. Precisely, if ι : G → F ∗⊕G⊕F is the inclusion of G into F ∗⊕G⊕F
and prG : F
∗ ⊕ G ⊕ F → G the projection of F ∗ ⊕ G ⊕ F on the second summand, the
5For a vector bundle A → M , a linear TM -connection △ on A is an R-bilinear map △ : Γ(TM) ×
Γ(A) → Γ(A) such that: (i) △fXa = f△Xa, (ii) △Xfa = f△Xa + X(f)a. It is called also Koszul
connection and it always exists [32, p. 185].
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Dorfman bracket on Γ(G) is given, for any r1, r2 ∈ Γ(G), by [r1, r2]G = prG([[ι(r1), ι(r2)]]),
the anchor map by ρG = ρ ◦ ι = 0, and the inner product by 〈r1, r2〉G = 〈ι(r1), ι(r2)〉.
We consider the map
∇ : Γ(G)× Γ(F ∗ ⊕ G ⊕ F )→ Γ(F ∗ ⊕ G ⊕ F )
defined, for any r ∈ Γ(G) and ξ + s+X ∈ Γ(F ∗ ⊕ G ⊕ F ), by
∇r(ξ + s+X) = [[ι(r), ξ + s+X]] + 2Q(X, r) −⊳Xr, (55)
where Q is the map mentioned in the previous example and ⊳ : Γ(F )× Γ(G)→ Γ(G) is
the F -linear connection on G provided by the Courant algebroid structure on F ∗⊕G⊕F ,
[6]. Then, (55) yields a G-Dorfman connection on F ∗ ⊕ G ⊕ F .
Proposition 3.23 ([17]) Let (E,L) be a Manin pair and L0 the annihilator of L in
E∗.
1. The quotient E/L is a L-Dorfman module with respect to the Dorfman action
∇L : Γ(L)× Γ(E/L)→ Γ(E/L) defined, for any l ∈ Γ(L) and e¯ ∈ Γ(E/L), by
∇Ll e¯ = [[l, e]],
where e¯ denotes the class of e ∈ Γ(E) in Γ(E/L).
2. The space (E/L)∗ ∼= L0 is also a L-Dorfman module relative to the dual L-Dorfman
connection (∇L)∗.
Proof. For the first point, note that, since L is Lagrangian, E/L is isomorphic to
the dual bunlde L∗ of L and the symmetric bilinear form of the Courant algebroid
structure on E induces a nondegenerate pairing 〈·, ·〉 : L ×M E/L → R. Further equip
the vector bundle E/L → M with the map dE/L : C
∞(M,R) → Γ(E/L) given, for any
f ∈ C∞(M,R), by dE/L(f) = dEf . Then E/L is a predual bundle of L in the sense of
Definition 3.1. It is easy to check that ∇L satisfies the axioms of a Dorfman connection.
As an element of C2(L; End(E/L)) ∼= Γ(
∧2 L∗) ⊗ Γ(End(E/L)), the curvature R∇L
vanishes identically on the sections of L. For l1, l2 ∈ Γ(L), e¯ ∈ Γ(E/L), we have
R∇
L
(l1, l2)e¯ = ∇
L
l1∇
L
l2 e¯−∇
L
l2∇
L
l1 e¯−∇
L
[[l1,l2]]
e¯
= [[l1, [[l2, e]]]]− [[l2, [[l1, e]]]] − [[[[l1, l2]], e]]
(3)
= 0.
For the second point, let (∇L)∗ : Γ(L) × Γ((E/L)∗) → Γ((E/L)∗) be the dual L-
Dorfman connection of ∇L and R(∇
L)∗ its curvature. By (49) it follows that (E/L)∗ is
an L-Dorfman module. 
Remarks 3.24
1. In [17] it was noted that the Dorfman connection ∇L of the last Proposition is
analogous with the Bott connection defined by an involutive subbundle of TM .
For this reason, it is named Bott-Dorfman connection associated to L.
2. Since L is a Lagrangian subbundle, E/L ∼= L∗ and, because ∇L is flat, so (d∇
L
)2 =
0, the covariant derivation d∇
L
is the Lie algebroid differential operator of L on
Γ(L∗), [32], [33].
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Example 3.25 (Courant algebroid related to port-Hamiltonian systems) Port-
Hamiltonian systems are a generalization of Hamiltonian systems that aiming to describe
the dynamics of a Hamiltonian system in interaction with control units, energy dissipa-
ting or energy storing units (ports), [47]. The state space of a such system is modeled
by a manifold M endowed with a Dirac structure L in a Courant algebroid, [35]. More
specifically, start with the standard Courant algebroid TM ⊕ T ∗M , a vector bundle V
over M endowed with a flat TM -connection △, and its dual bundle V ∗ equipped with
the dual connection △∗. The sections (λout, λin) of V ⊕ V
∗ model the output and input
of the port. The vector bundle E = TM ⊕ T ∗M ⊕V ⊕V ∗ equipped with the projection
ρ : E → TM as anchor map, the symmetric nondegenerate bilinear form
〈(X, ζ, λout, λin), (Y, η, µout, µin)〉 = 〈η,X〉 + 〈ζ, Y 〉+ 〈µin, λout〉+ 〈λin, µout〉,
and the bracket
[[(X, ζ, λout, λin), (Y, η, µout, µin)]] =
([X,Y ], LXη − i(Y )dζ + 〈△
∗
· λin, µout〉+ 〈µin,△·λout〉,
△Xµout −△Y λout, △
∗
Xµin −△
∗
Y λin)
is a Courant algebroid over M . The dynamics of the system are determined by a Hamil-
tonian H via the Hamiltonian equation (x˙, dH, λout, λin) ∈ Γ(L).
Consider the vector bundle B = T ∗M ⊕ V . Clearly, the natural coupling of T ∗M
with TM and of V with V ∗, gives a coupling between E and B which, with the map
dB : C
∞(M,R) → Γ(B), dBf = (df, 0), define a predual structure of E on B. Then,
the map ∇ : Γ(E) × Γ(B) → Γ(B) defined, for any e = (X, ζ, λout, λin) ∈ Γ(E) and
b = (η, µout) ∈ Γ(B), by
∇eb = (LXη + 〈△
∗
· λin, µout〉,△Xµout),
establishes an E-Dorfman connection on B. It is the projection on Γ(B) of the restriction
of [[·, ·]] on Γ(E) × Γ(B).
We arrive at a similar result, if we consider B′ = T ∗M ⊕ V ∗, which evidently has
a predual structure of E, and ∇′ : Γ(E) × Γ(B′) → Γ(B′) the projection on Γ(B′) of
the restriction of [[·, ·]] on Γ(E) × Γ(B′). I.e, for any e = (X, ζ, λout, λin) ∈ Γ(E) and
b′ = (η, µin) ∈ Γ(B
′),
∇′eb
′ = (LXη + 〈µin,△·λout〉, △
∗
Xµin).
4 The Atiyah class of a Manin pair
In this section, we describe the construction of the Atiyah class of a Manin pair (E,L)
which is interpreted as the obstruction to the existence of an L-compatible E-Dorfman
connection on a predual vector bundle B extending a given L-Dorfman action on B.
4.1 L-compatible E-Dorfman connections
Throughout this section (B, dB , 〈 ·, ·〉) is a predual of a Courant algebroid (E, [[·, ·]], 〈·, ·〉, ρ),
L ⊂ E a Dirac structure, and ∇(L) an L-Dorfman action on B. We first discuss exten-
tions of ∇(L) to an E-Dorfman connection ∇ on B in the sense that ∇lb = ∇
(L)
l b, for
any l ∈ Γ(L) and b ∈ Γ(B). For this, choose a (maximal isotropic) subbundle L′ of E
complementary to L, i.e. E = L⊕ L′. Then one has to look for an R-bilinear map
∇(L
′) : Γ(L′)× Γ(B)→ Γ(B)
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such that the map
∇ : Γ(E) × Γ(B)→ Γ(B)
defined, for any section e = l + l′ of E with l ∈ Γ(L), l′ ∈ Γ(L′), by
∇eb = ∇
(L)
l b+∇
(L′)
l′ b,
is an E-Dorfman connection on B. It is easy to check that ∇ verifies the three axioms
of Definition 3.3 if and only if ∇(L
′) verifies them also. Hence, the question is to show
the existence of an L′-Dorfman connection on B.
Proposition 4.1 Let (E,L) be a Manin pair and B a predual bundle of E.
1. Given an L-Dorfman action ∇(L) on B, there exists an E-Dorfman connection on
B extending the given L-Dorfman action.
2. If ∇1 and ∇2 are two such extensions, then ∇1 − ∇2 is an element of Γ(L0 ⊗
Hom((B/ImdB)
∗, B)) ∼= Γ(L⊥ ⊗Hom((B/ImdB)
∗, B)).
Proof. For the first claim, we study separately the cases B ∼= E ⊕K and E ∼= B ⊕ F
(see subsection 3.1).
• The case B ∼= E ⊕K
It is always possible to define a linear TM -connection △ on the space of smooth sections
of a vector bundle over M [32, p. 185]. Consider a classical TM -connection △1 on Γ(E)
and a classical TM -connection △2 on Γ(K). Let then
∇(L
′) : Γ(L′)× Γ(B)→ Γ(B)
be the map defined, for any l′ ∈ Γ(L′), b ∈ Γ(B) with b = e[b] + k, by
∇
(L′)
l′ b = [[l
′, e[b]]] +△
1
ρ(e[b])
l′ +△2ρ(l′)k.
A straightforward check shows that ∇(L
′) satisfies the properties of Definition 3.3. For
the first, it is
∇
(L′)
fl′ b = [[fl
′, e[b]]] +△
1
ρ(e[b])
(fl′) +△2ρ(fl′)k
(8)
= f [[l′, e[b]]]− ρ(e[b])(f)l
′ + 〈l′, e[b]〉dEf
+ρ(e[b])(f)l
′ + f△1ρ(e[b])l
′ + f△2ρ(l′)k
(25),(26),(28)
= f∇
(L′)
l′ b+ 〈 l
′, b〉dBf,
and for the second,
∇
(L′)
l′ (fb) = [[l
′, e[fb]]] +△
1
ρ(e[fb])
l′ +△2ρ(l′)(fk)
(27)
= [[l′, fe[b]]] +△
1
ρ(fe[b])
l′ +△2ρ(l′)(fk)
(7)
= f [[l′, e[b]]] + ρ(l
′)(f)e[b] + f△
1
ρ(e[b])
l′ + f△2ρ(l′)(k) + ρ(l
′)(f)k
= f∇
(L′)
l′ b+ ρ(l
′)(f)b.
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Finally, if f is constant along Imρ, then dBf = 0, and so ∇
(L′)
l′ dBf = 0 and dB(Lρ(l′)f) =
dB(0) = 0. On the other hand, if f is not constant along Imρ, then dBf = dEf , hence
∇
(L′)
l′ dBf
(28)
= [[l′, dEf ]] +△
1
ρ(dEf)
l′
= dE(Lρ(l′)f)
(28)
= dB(Lρ(l′)f).
• The case E ∼= B ⊕ F
Let prB : B ⊕ F → B be the projection of B ⊕ F on B. For now, identify b ∈ Γ(B)
with its image ι(b) ∈ Γ(E) via an isomorphism ι : B ⊕ F → E. Respectively, identify
e ∈ Γ(E) with its image ι−1(e) ∈ Γ(B ⊕ F ). Consider a Koszul connection △ on L′ and
let the map
∇(L
′) : Γ(L′)× Γ(B)→ Γ(B)
be determined by
∇
(L′)
l′ b = (prB ◦ ι
−1)([[l′, ι(b)]] +△ρ(b)l
′).
For simplicity we write
∇
(L′)
l′ b = prB([[l
′, b]] +△ρ(b)l
′).
It is easy to check that ∇(L
′) defines a L′-Dorfman connection on B. In fact, for the first
property of Definition 3.3, it is
∇
(L′)
fl′ b = prB([[fl
′, b]] +△ρ(b)(fl
′))
(8)
= prB(f [[l
′, b]]− ρ(b)(f)l′ + 〈l′, b〉dEf + f△ρ(b)l
′ + ρ(b)(f)l′)
= fprB([[l
′, b]] +△ρ(b)l
′) + prB(〈l
′, b〉dEf)
(30)
= f∇
(L′)
l′ b+ 〈 l
′, b〉dBf,
and for the second property,
∇
(L′)
l′ (fb) = prB([[l
′, fb]] +△ρ(fb)l
′)
(7)
= prB(f [[l
′, b]] + ρ(l′)(f)b+ f△ρ(b)l
′)
= fprB([[l
′, b]] +△ρ(b)l
′) + ρ(l′)(f)b
= f∇
(L′)
l′ b+ ρ(l
′)(f)b.
Finally, if f is constant along Imρ, then dBf = 0, and so ∇
(L′)
l′ dBf = 0 and dB(Lρ(l′)f) =
dB(0) = 0. On the other hand, if f is not constant along Imρ, then dBf = dEf , so
ρ(dBf) = 0 and
∇
(L′)
l′ dBf = prB([[l
′, dBf ]] +△ρ(dBf)l
′)
(30)
= prB([[l
′, dEf ]])
= prB(dE(Lρ(l′)f))
(30)
= dB(Lρ(l′)f).
Consequently in both cases there exists an L′-Dorfman connection on B extending
∇(L) to an E-Dorfman connection ∇ on B.
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To prove the second claim of the proposition, let ∇1 = ∇(L) + ∇1(L
′) and ∇2 =
∇(L) + ∇2(L
′) be two E-Dorfman connections on B extending the L-Dorfman action
∇(L). By Proposition 3.7, their difference ∇1 − ∇2 is a vector bundle map from E
to (B/ImdB)
∗ ⊗ B that vanishes on L. Hence, the difference ∇1 − ∇2 is a section of
(E/L)∗ ⊗ (B/ImdB)
∗ ⊗B ∼= L0 ⊗ (B/ImdB)
∗ ⊗B ∼= L0 ⊗Hom(B/ImdB , B). 
Definition 4.2 Let (E,L) be a Manin pair, B a predual of E and ∇(L) a flat L-Dorfman
connection on B. An E-Dorfman connection ∇ on B is said to be L-compatible with
∇(L), if
1) ∇ extends ∇(L), and
2) ∇ satisfies ∇l∇e −∇e∇l −∇[[l,e]] = 0, for any l ∈ Γ(L) and e ∈ Γ(E).
4.2 Construction of the Atiyah class
Let (E,L) be a Manin pair, B an L-Dorfman module with respect to an L-Dorfman
connection∇(L), and∇ an E-Dorfmann connection on B extending∇(L). By the proof of
Proposition 3.15, the curvature R∇ = (R∇0 , R
∇
1 ) of ∇ is a map R
∇ : C∗2 → (B/ImdB)
∗⊗
B defined by
R∇0 (e1, e2) = ∇e1∇e2 −∇e2∇e1 −∇[[e1,e2]] and R
∇
1 (f) = ∇dEf .
Since B is an L-Dorfman module, R∇ vanishes identically on
∧2 L. Hence, R∇0 induces
a vector bundle map R∇B : L⊗E/L→ Hom(B/ImdB , B) defined by
R∇B(l; e¯) := R
∇
0 (l, e) = ∇l∇e −∇e∇l −∇[[l,e]].
Equivalently, R∇B can be regarded as a vector bundle map R
∇
B : L⊗E/L→ End(B)
whose values R∇B(l; e¯) vanish identically on ImdB .
Corollary 4.3 The E-Dorfman connection ∇ is compatible with the L-Dorfman action
on B if and only if R∇B vanishes identically.
By Remark 3.20, the flat L-Bott-Dorfman connection ∇L on E/L of Proposition
3.23 defines a flat L-Dorfman connection (∇L)∗ on (E/L)∗ ∼= L0. Furthermore, a flat
L-Dorfman connection ∇(L) on B defines a flat L-Dorfman connection ∇˜(L) on B∗⊗B.
Summing up,
i) The bundles (E/L)∗ ∼= L0 and B∗⊗B are L-modules. The bundle L0⊗End(B) is
also an L-module with respect to the L-Dorfman connection ∇̂(L) = ((∇L)∗, ∇˜(L)).
ii) Let d∇̂
(L)
: Cr(L,R) ⊗ Γ(L0 ⊗ End(B)) → Cr+1(L,R) ⊗ Γ(L0 ⊗ End(B)) be the
Dorfman covariant derivative defined by ∇̂(L) = ((∇L)∗, ∇˜(L)). Since ∇̂(L) is flat,
it is (d∇̂
(L)
)2 = 0. In fact, d∇̂
(L)
coincides with the graded differential of degree +1
on Γ(
∧
L∗) and with values in the L-Dorfman module L0⊗End(B) that is defined
by the Lie algebroid structure of L (see, e.g. [32], [33]).
Theorem 4.4 Let (E,L,B,∇L,∇(L),∇, ∇˜(L), ∇̂(L)) be as above.
1. The section R∇B of L
∗⊗L0⊗End(B) is an 1-cocycle with respect to the differential
d∇̂
(L)
on Γ(
∧
L∗) with values in the L-Dorfman module L0 ⊗ End(B).
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2. The cohomology class αB ∈ H
1(L,L0⊗End(B)) of the 1-cocycle R∇B is independent
on the choice of E-Dorfman connection on B extending the L-Dorfman action
∇(L).
3. The class αB of the vector bundle B → M relative to the Courant algebroid E
vanishes if and only if there exists an L-compatible E-connection on B.
Proof. By construction, ∇ is an extension of ∇(L) on E, hence ∇˜ and ∇̂ coincide,
respectively, with ∇˜(L) and ∇̂(L) on L.
1. The covariant derivative d∇˜(R∇) =
(
(d∇˜(R∇))0, (d
∇˜(R∇))1
)
, as an element of
C3(E ; End(B)), is an element of (Γ((
∧3E∗)⊕ (E∗⊗TM)))⊗Γ(End(B)). Because
of the Bianchi identity (Proposition 3.19), d∇˜(R∇) =
(
(d∇˜(R∇))0, (d
∇˜(R∇))1
)
vanishes identically on Γ((
∧3E)⊕(E⊗T ∗M)). I.e., (d∇˜(R∇))0 vanishes identically
on Γ(
∧3E) and (d∇˜(R∇))1 on Γ(E ⊗ T ∗M). Thus, for any l1, l2 ∈ Γ(L) and
e ∈ Γ(E), we have
0 = (d∇˜R∇)0(l1, l2, e)
(52)
= ∇˜l1(R
∇
0 (l2, e))− ∇˜l2(R
∇
0 (l1, e)) + ∇˜e(R
∇
0 (l1, l2))
−R∇0 ([[l1, l2]], e)−R
∇
0 (l2, [[l1, e]]) +R
∇
0 (l1, [[l2, e]])
= ∇˜l1(R
∇
B(l2; e))− ∇˜l2(R
∇
B (l1; e))
−R∇B([[l1, l2]]; e)−R
∇
B(l2; [[l1, e]]) +R
∇
B(l1; [[l2, e]])
= ∇˜
(L)
l1
(R∇B(l2; e))− ∇˜
(L)
l2
(R∇B(l1; e))
−R∇B([[l1, l2]]; e)−R
∇
B(l2;∇
L
l1e) +R
∇
B(l1;∇
L
l2e)
= (∇˜
(L)
l1
(R∇B (l2; e))−R
∇
B(l2;∇
L
l1e))
− (∇˜
(L)
l2
(R∇B (l1; e))−R
∇
B(l1;∇
L
l2e))−R
∇
B ([[l1, l2]]; e)
= (∇̂
(L)
l1
(R∇B (l2; ·))− ∇̂
(L)
l2
(R∇B (l1; ·)) −R
∇
B([[l1, l2]]; ·))(e)
= d∇̂
(L)
R∇B(l1, l2; e)
whence we conclude that d∇̂
(L)
R∇B = 0. However, the vanishing of (d
∇˜R∇)1 iden-
tically on Γ(E ⊗ T ∗M) does not give us any extra condition. According to (11),
one may calculate its values on elements (e, f) ∈ Γ(E) ⊗ C∞(M,R) and prove
that, for any (l, f) ∈ Γ(L)⊗ C∞(M,R), (d∇˜R∇)1(l, f) = 0 ⇔ 0 = 0, and, for any
(e, f) ∈ Γ(E)⊗ C∞(M,R) with dEf ∈ Γ(L), (d
∇˜R∇)1(e, f) = 0⇔ 0 = 0.
2. Let ∇1 and ∇2 be two E-Dorfman connections on B that extend the L-action
∇(L) on B. By Proposition 4.1, the difference C = ∇1 − ∇2 is an element of
L0 ⊗ (B/ImdB)
∗ ⊗ B. By the first item of this theorem, we have that, for any
l ∈ Γ(L), e¯ ∈ Γ(E/L) and b ∈ Γ(B),
R∇
1
B (l; e¯)b−R
∇2
B (l; e¯)b
= ∇1l∇
1
eb−∇
1
e∇
1
l b−∇
1
[[l,e]]b−∇
2
l∇
2
eb+∇
2
e∇
2
l b+∇
2
[[l,e]]b
= ∇
(L)
l (∇
1
e −∇
2
e)b− (∇
1
e −∇
2
e)∇
(L)
l b− (∇
1
[[l,e]] −∇
2
[[l,e]])b
= ∇
(L)
l (C(e¯; b))− C(e¯;∇
(L)
l b)− C([[l, e]]; b)
= d∇̂
(L)
C(l, e¯)(b).
Hence the difference R∇
1
B − R
∇2
B of 1-cocycles R
∇i
B , i = 1, 2, is a coboundary of
d∇̂
(L)
and their cohomology classes coincide.
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3. It is clear that R∇B vanishes if and only if ∇ is L-compatible with ∇
(L). Moreover,
if R∇B = d
∇̂(L)ψ, for some ψ ∈ Γ(L0 ⊗ (B/ImdB)
∗ ⊗ B) ⊂ Γ(L0 ⊗ End(B)) set
∇′ = ∇−ψ. Then, R∇
′
B = 0, which implies that ∇
′ is L-compatible with ∇(L). In
fact, with the usual notation,
R∇
′
B (l; e)b = ∇
′
l∇
′
eb−∇
′
e∇
′
lb−∇
′
[[l,e]]b
= (∇l − ψ(l, ·))(∇e − ψ(e, ·))b− (∇e − ψ(e, ·))(∇l − ψ(l, ·))b
− (∇[[l,e]] − ψ([[l, e]], ·))b
= ∇l∇eb−∇l(ψ(e, b))−∇e∇lb+ ψ(e,∇lb)−∇[[l,e]]b+ ψ([[l, e]], b)
= R∇B(l; e)b− (d
∇̂(L)ψ)(l; e, b)
= 0.

Definition 4.5 The d∇̂
(L)
-cocycle R∇B is called the Atiyah cocycle associated with the E-
Dorfman connection ∇ that extends a given L-module structure on B. Its corresponding
cohomology class αB ∈ H
1(L,L0 ⊗ End(B)) is called the Atiyah class of the L-module
B.
References
[1] P. Bressler and C. Rengifo, On higher-dimensional Courant algebroids, Lett. Math.
Phys. 108 (2018), 2099–2137.
[2] H. Bursztyn, A brief introduction to Dirac manifolds, Geometric and topological
methods for quantum field theory, Cambridge Univ. Press, Cambridge (2013), 4–
38.
[3] H. Bursztyn, G. Cavalcanti and M. Gualtieri, Reduction of Courant algebroids and
generalized complex structures, Adv. Math. 211 (2007), 726–765.
[4] H. Bursztyn and M. Crainic, Dirac geometry, quasi-Poisson actions and D/G-valued
moment maps, J. Differential Geom. 82 (2009), no. 3, 501–566.
[5] Z. Chen, H. Lang and M. Xiang,Atiyah classes of strongly homotopy Lie pairs,
Algebra Colloq. 26 (2019), 195–230.
[6] Z. Chen, M. Stie´non and P. Xu, On regular Courant algebroids, J. Symplectic Geom.
11 (2013), 1-24.
[7] Z. Chen, M. Stie´non and P. Xu, From Atiyah classes to homotopy Leibniz algebras,
Comm. Math. Phys. 341 (2016), 309–349.
[8] T. Courant and A. Weinstein, Beyond Poisson structures, in Se´minaire Sud-
Rhodanien de Ge´ometrie, Travaux en cours 27, Hermann, Paris 1988, 39–49.
[9] T. Courant, Dirac manifolds, Trans. Amer. Math. Soc. 319 (1990), 631–661.
[10] M. Cueca and R.A. Mehta, Courant cohomology, Cartan calculus, connections, cur-
vature, characteristic classes, arXiv:1911.05898
30
[11] A. Deser, Star products on graded manifolds and α′- corrections to Courant alge-
broids from string theory, J. Math. Phys. 56 (2015), 092302, 18 pp.
[12] J. Dieudonne´, Treatise on analysis, Vol. III. Academic Press, New York (1972).
Translated from the French by I. G. MacDonald, Pure and Applied Mathematics,
Vol. 10-III
[13] I. Ya. Dorfman, Dirac structures of integrable evolution equations, Phys. Lett. A
125 (1987), 240-246.
[14] M. Gru¨tzmann and M. Stie´non, Matched pairs of Courant algebroids, Indag. Math.
25 (2014), 977–991.
[15] B. Jurco and J. Visoky, Heterotic reduction of Courant algebroid connections and
Einstein-Hilbert actions, Nuclear Phys. B 909 (2016), 86–121.
[16] B. Jurco and J. Visoky, Courant algebroid connections and string effective ac-
tions, Noncommutative Geometry and Physics. 4, World Sci. Publ., Hackensack,
NJ, (2017), 211–265.
[17] M. Jotz Lean, Dorfman connections and Courant algebroids, J. Math. Pures Appl.
(9) 116 (2018), 1-39.
[18] W. Hong, Atiyah classes of Lie bialgebras, J. Lie Theory 29 (2019), 263–275.
[19] J. Huebschmann, Poisson cohomology and quantization, J. Reine Angew. Math. 408
(1990), 57-113.
[20] Y. Kosmann-Schwarzbach, Exact Gerstenhaber algebras and Lie bialgebroids, Acta
Appl. Math 41 (1995) 153–165.
[21] Y. Kosmann-Schwarzbach, Quasi, twisted, and all thatin Poisson geometry and Lie
algebroid theory, The breadth of symplectic and Poisson geometry, Progr. Math.,
232, Birkhuser Boston, Boston, MA, (2005), 363-389.
[22] Y. Kosmann-Schwarzbach, Courant Algebroids. A Short History, SIGMA Symmetry
Integrability Geom. Methods Appl. 9 (2013), Paper 014, 8 pp.
[23] J.-L. Koszul, Lectures On Fibre Bundles and Differential Geometry, Notes by S.
Ramanan, Tata Institute of Fundamental Research, Bombay, 1960.
[24] H. Lang, Y. Sheng, and A. Wade, VB-Courant algebroids, E-Courant algebroids and
generalized geometry, Canad. Math. Bull. 61 (2018), 588–607.
[25] H. Lang, Y. Sheng and X. Xu, Strong homotopy Lie algebras, homotopy Poisson
manifolds and Courant algebroids, Lett. Math. Phys. 107 (2017), 861–885.
[26] C. Laurent-Gengoux, A. Pichereau and P. Vanhaecke, Poisson structures,
Grundlehren der Mathematischen Wissenschaften 347, Springer, 2012.
[27] H. - Y. Liao, M. Stie´non and P. Xu, Formality theorem for g-manifolds, C. R. Math.
Acad. Sci. Paris 355 (2017), 582–589.
[28] Z.-J. Liu, A. Weinstein and P. Xu, Manin triples for Lie bialgebroids, J. Diff. Geom.
45 (1997), 547–574.
31
[29] Z.-J. Liu, A. Weinstein and P. Xu, Dirac Structures and Poisson Homogeneous
Spaces, Commun. Math. Phys. 192 (1998), 121–144.
[30] Z.-J. Liu, Some remarks on Dirac structures and Poisson reductions, in Poisson
Geometry, Banach Center Publications, Vol. 51, Warszawa 2000, 165–173.
[31] K. Mackenzie and P. Xu, Lie bialgebroids and Poisson groupoids, Duke Math. J. 73
(1994), 415–452.
[32] K. Mackenzie, General theory of Lie groupoids and Lie algebroids, London Math.
Soc. Lecture Note Series 213, Cambridge University Press, Cambridge, 2005.
[33] Ch.-M. Marle, Differential calculus on a Lie algebroid and Poisson manifolds,
The J.A. Pereira da Silva Birthday Schrift, Textos de Matema´tica 32, Departa-
mento de Matema´tica da Universidade de Coimbra, Portugal (2002) pp. 83–149.
(http://www.math.jussieu.fr/∼marle/)
[34] R. A. Mehta, M. Stie´non, P. Xu, The Atiyah class of a dg-vector bundle, C. R.
Math. Acad. Sci. Paris 353 (2015), 357–362.
[35] J. Merker, On the geometric structure of Hamiltonian systems with ports, J. Non-
linear Sci. 19 (2009), 717-738.
[36] A. Nijenhuis and R. W. Richardson, Jr., Cohomology and deformations of algebraic
structures, Bull. Amer. Math. Soc. 70 (1964), 406–411.
[37] G. S. Rinehart, Differential forms on general commutative algebras, Trans. Amer.
Math. Soc. 108 (1963), 195-222.
[38] D. Roytenberg, Courant algebroids, derived brackets and even symplectic su-
permanifolds, Ph.D. Thesis, University of California, Berkeley 1999. (arXiv:
math.DG/9910078.)
[39] D. Roytenberg, Quasi-Lie Bialgebroids and Twisted Poisson manfolds, Lett. Math.
Phys. 61 (2002), 123–137.
[40] D. Roytenberg, On the structure of graded symplectic supermanifolds and Courant
algebroids, Quantization, Poisson brackets and beyond (Manchester, 2001), Con-
temp. Math., 315, Amer. Math. Soc., Providence, RI, (2002), 169-185.
[41] D. Roytenberg, Courant-Dorfman algebras and their cohomology, Lett. Math. Phys.
90 (2009), 311-351.
[42] P. Severa, Letters to Alan Weinstein about Courant algebroids,
https://arxiv.org/pdf/1707.00265.pdf
[43] P. Severa, Poisson-Lie T-duality and Courant algebroids, Lett. Math. Phys. 105
(2015), 1689–1701.
[44] P. Severa and F. Valach, Ricci flow, Courant algebroids, and renormalization of
Poisson-Lie T-duality, Lett. Math. Phys. 107 (2017), 1823–1835.
[45] K. Uchino, Remarks on the Definition of a Courant Algebroid, Lett. Math. Phys.
60 (2002) 171–175.
[46] B. Uribe, Group actions on dg-manifolds and exact Courant algebroids, Comm.
Math. Phys. 318 (2013), 35–67.
32
[47] A. van der Schaft, Port-Hamiltonian systems: an introductory survey, International
Congress of Mathematicians, Vol. III, Eur. Math. Soc., Zu¨rich (2006) 1339-1365.
E-mails
Panagiotis Batakidis: batakidis@math.auth.gr
Fani Petalidou: petalido@math.auth.gr
33
